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PREFACE 


The systematic study of supermatrices and super linear 
algebra has been carried out in 2008. These new algebraic 
structures find their applications in fuzzy models, Leontief 
economic models and data-storage in computers. 

In this book the authors introduce the new notion 
of superbimatrices and generalize it to super trimatrices 
and super n-matrices. Study of these structures is not only 
interesting and innovative but is also best suited for the 
computerized world. 

The main difference between simple bimatrices 
and super bimatrices is that in case of simple bimatrices 
we have only one type of product defined on them, 
whereas in case of superbimatrices we have different types 
products called minor and major defined using them. 

This book has four chapters. Chapter one describes 
the basics concepts to make this book a self contained one. 
Superbimatrices, semi superbimatrices, | symmetric 
superbimatrices are introduced in chapter two. Chapter 
three introduces the notion of super trimatrices and the 
products defined using them. Chapter four gives the most 
generalized form of superbimatrix, viz. super n-matrix. 

This book has given several examples so as to 
make the reader understand this new concept. Further 
minor and major by product defined using these new 
concepts are illustrated by examples. These algebraic 
structures are best suited in data storage in computers. 


They are also useful in constructing multi expert super 
models 

Finally it is an immense pleasure to thank 
Dr.K.Kandasamy for proof-reading and Kama, Meena and 
Rahul without whose help the book would have been an 
impossibility. 

We dedicate this book to the millions of Tamil 
children in Sri Lanka who have died or become disabled 
and displaced due to the recent Sri Lankan war. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


BASIC CONCEPTS 


In this chapter we just recall the definition of supermatrix and 
some of its basic properties which comprises the section 1. In 
section two bimatrices and their generalizations are introduced. 


1.1 Supermatrices 


The general rectangular or square array of numbers such as 


C=[3,1,0,-1,-2]andD=| /2 


are known as matrices. 


We shall call them as simple matrices [19]. By a simple 
matrix we mean a matrix each of whose elements are just an 
ordinary number or a letter that stands for a number. In other 
words, the elements of a simple matrix are scalars or scalar 
quantities. 

A supermatrix on the other hand is one whose elements are 
themselves matrices with elements that can be either scalars or 
other matrices. In general the kind of supermatrices we shall 
deal with in this book, the matrix elements which have any 
scalar for their elements. Suppose we have the four matrices; 


Di -ad 0 40 
a = 5 — 
al kt me: (he eo Ge 


3 -l 4 12 
a21 = 5 7 and a22 = -17 6 
—2 9 3 ll 


One can observe the change in notation aj denotes a matrix and 
not a scalar of a matrix (1 <i, j <2). 
Let 


we can write out the matrix a in terms of the original matrix 
elements i.e., 


5 7|-17 6 
[2 9} 3 i 


Here the elements are divided vertically and horizontally by thin 
lines. If the lines were not used the matrix a would be read as a 
simple matrix. 


Thus far we have referred to the elements in a supermatrix 
as matrices as elements. It is perhaps more usual to call the 
elements of a supermatrix as submatrices. We speak of the 
submatrices within a supermatrix. Now we proceed on to define 
the order of a supermatrix. 

The order of a supermatrix is defined in the same way as 
that of a simple matrix. The height of a supermatrix is the 
number of rows of submatrices in it. The width of a supermatrix 
is the number of columns of submatrices in it. 

All submatrices with in a given row must have the same 
number of rows. Likewise all submatrices with in a given 
column must have the same number of columns. 

A diagrammatic representation is given by the following 
figure. 


In the first row of rectangles we have one row of a square 
for each rectangle; in the second row of rectangles we have four 
rows of squares for each rectangle and in the third row of 
rectangles we have two rows of squares for each rectangle. 
Similarly for the first column of rectangles three columns of 
squares for each rectangle. For the second column of rectangles 
we have two column of squares for each rectangle, and for the 
third column of rectangles we have five columns of squares for 
each rectangle. 

Thus we have for this supermatrix 3 rows and 3 columns. 

One thing should now be clear from the definition of a 
supermatrix. The super order of a supermatrix tells us nothing 
about the simple order of the matrix from which it was obtained 


by partitioning. Furthermore, the order of supermatrix tells us 
nothing about the orders of the submatrices within that 
supermatrix. 

Now we illustrate the number of rows and columns of a 
supermatrix. 


Example 1.1.1: Let 


(31/3 0 1 4 
Si Sh 6 
a=|0/3 4 5 6 
1/7 8 -9 0 
2s: “Os By. fA 


ais a supermatrix with two rows and two columns. 


Now we proceed on to define the notion of partitioned matrices. 
It is always possible to construct a supermatrix from any simple 
matrix that is not a scalar quantity. 

The supermatrix can be constructed from a simple matrix 
this process of constructing supermatrix is called the 
partitioning. 

A simple matrix can be partitioned by dividing or separating 
the matrix between certain specified rows, or the procedure may 
be reversed. The division may be made first between rows and 
then between columns. 

We illustrate this by a simple example. 


Example 1.1.2: Let 


3 1 12 0 

1 03 5 2 

5 -1 67 8 4 
A= 

0 12 0 -l 

2 23 4 6 

1 123 9 


is a 6 X 6 simple matrix with real numbers as elements. 
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3 O/;1 1 2 =O 

1 0;0 3 5 2 

5 -1/6 7 8 4 
Ay = 

0 12 0 -1 

2 23 4 6 

1 12 3 9 


Now let us draw a thin line between the 2" and 3™ columns. 
This gives us the matrix A,. Actually A; may be regarded as 
a supermatrix with two matrix elements forming one row and 
two columns. 
Now consider 


3 0 11 2 ~0 

1003 5 2 

5 -1 67 8 4 
Ao = 

0 9 12 0 -!1 

2.5 2.3 4 6 

1 6 123 9 


Draw a thin line between the rows 4 and 5 which gives us the 
new matrix A>. A, is a supermatrix with two rows and one 
column. 

Now consider the matrix 


2D Wale AE 2 el) 

1» OO. 3: 

S =[ (6-7-8. <4 
A3 =) 5) 

0 i 2-° 0) =] 

2 23 4 6 

1 ee oe 


A3 is now a second order supermatrix with two rows and two 
columns. We can simply write A; as 


11 


where 
3 0 
_|1 0 
a= rane te 
[9 9 
1 12 0 
Oo 3S. 22 
6. 9B A 
12 0 -l 


PF paul? BAe 
age ha “Oe Ou 


The elements now are the submatrices defined as aj), a)2, a2) and 
ay and therefore A; is in terms of letters. 

According to the methods we have illustrated a simple 
matrix can be partitioned to obtain a supermatrix in any way 
that happens to suit our purposes. 

The natural order of a supermatrix is usually determined by 
the natural order of the corresponding simple matrix. Further 
more we are not usually concerned with natural order of the 
submatrices within a supermatrix. 

Now we proceed on to recall the notion of symmetric 
partition, for more information about these concepts please refer 
[19]. By a symmetric partitioning of a matrix we mean that the 
rows and columns are partitioned in exactly the same way. If the 
matrix is partitioned between the first and second column and 
between the third and fourth column, then to be symmetrically 
partitioning, it must also be partitioned between the first and 
second rows and third and fourth rows. According to this rule of 
symmetric partitioning only square simple matrix can be 


12 


symmetrically partitioned. We give an example of a 
symmetrically partitioned matrix a,, 


Example 1.1.3: Let 


Here we see that the matrix has been partitioned between 
columns one and two and three and four. It has also been 
partitioned between rows one and two and rows three and four. 


Now we just recall from [19] the method of symmetric 
partitioning of a symmetric simple matrix. 


Example 1.1.4: Let us take a fourth order symmetric matrix and 
partition it between the second and third rows and also between 
the second and third columns. 


RRL DN WwW 
NY UO} Re NY 
NI NI BN 


4 
3 
2 
7 


We can represent this matrix as a supermatrix with letter 


elements. 
4 3 2 7 
a= ,a2= 
ye Aas Aglnoo let 


2 5 2 
a = and ay) = : 
2 aS A A Nn: a 


so that 


13 


The diagonal elements of the supermatrix a are a); and a2. We 
also observe the matrices aj; and a). are also symmetric 
matrices. 

The non diagonal elements of this supermatrix a are the 
matrices aj) and ap). Clearly a2; is the transpose of ajo. 

The simple rule about the matrix element of a 
symmetrically partitioned symmetric simple matrix are (1) The 
diagonal submatrices of the supermatrix are all symmetric 
matrices. (2) The matrix elements below the diagonal are the 
transposes of the corresponding elements above the diagonal. 

The forth order supermatrix obtained from a symmetric 
partitioning of a symmetric simple matrix a is as follows. 


13 14 


aie. 24 
Aggy a 
da, a 
4 As, Agy 

How to express that a symmetric matrix has been symmetrically 
partitioned (i) a;, and a‘), are equal. (ii) a\j (i # j); a, = aj and 


ais = aj. Thus the general expression for a symmetrically 


partitioned symmetric matrix; 


11 12 In 
' 
= a 12 ayy 2n 
a= . F 
a’, a a 
In 2n nn 


If we want to indicate a symmetrically partitioned simple 
diagonal matrix we would write 


14 


0' only represents the order is reversed or transformed. We 
denote aj, =’; just the ' means the transpose. 


D will be referred to as the super diagonal matrix. The 
identity matrix 


s, t and r denote the number of rows and columns of the first 
second and third identity matrices respectively (zeros denote 
matrices with zero as all entries). 


Example 1.1.5: We just illustrate a general super diagonal 
matrix d; 


Qa 
Il 
oOo Oo] MN WwW 
oo O]N Ke 
oo O]O N 
Ww nl oo 


9 10 


. m, 0 
Le., d= ; 
0 m, 


An example of a super diagonal matrix with vector elements is 
given, which can be useful in experimental designs. 
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Example 1.1.6: Let 


pe Re RP ILolo oo ooldfoc$ctad 


— 


Here the diagonal elements are only column unit vectors. In 
case of supermatrix [19] has defined the notion of partial 
triangular matrix as a supermatrix. 


Example 1.1.7: Let 


1/3 
2} 1 
1/0 


NO FN 


u is a partial upper triangular supermatrix. 


Example 1.1.8: Let 


5 00 0 0 
720 0 0 
12 3 0 0 
L=|4 5 6 7 0}; 
12 5 2 6 
12 3 4 5 
010 1 0 
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L is partial upper triangular matrix partitioned as a supermatrix. 


Thus T = = where T is the lower triangular submatrix, with 
a 
[5 0 0 0 0 
TD DB DD 
12 3 4 5 
T=/1 2 3 O O| anda'= 
0101 0 
4567 0 
12 5 2 6 


We proceed on to define the notion of supervectors i.e., Type I 
column supervector. A simple vector is a vector each of whose 
elements is a scalar. It is nice to see the number of different 
types of supervectors given by [19]. 


Example 1.1.9: Let 


< 
| 
NY Ul We 


This is a type I i.e., type one column supervector. 


where each vy; is a column subvectors of the column vector v. 
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Type I row supervector is given by the following example. 
Example 1.1.10: v' = [2 3 1 | 5 7 8 4] is a type I row 
supervector. i.e., v' = [v'), V'2, ..., V'n] where each v'; is a row 
subvector; 1 <i<n. 

Next we recall the definition of type II supervectors. 


Type I column supervectors. 


DEFINITION 1.1.1: Let 


A, Ay» Gm 
Ay, Any Ayn 
a= 
ant ano Qin 
ay = [ay ... Aim] 
AF = [arr i Ginl 
bee 
an = [ant Ann] 
1 
a, 
a! 
. 2 
iL.e., a= ; 
1 
Geil 
is defined to be the type IT column supervector. 
Similarly if 
ay A» im 
a a a 
1 21 = 22 = 2 
a= {a = a ea = ” 
an a2 Qaim 


Hence now a = [a' a ... a], is defined to be the type II row 
supervector. 
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Clearly 


1 
a 
Ga o4\| Slare wad 


1 
a 


nim 


the equality of supermatrices. 


Example 1.1.11: Let 


3.6 0 4 5 
2 1 6 3 0 
A=/1 1 1 2 1 
010 1 0 
2012 1 


be a simple matrix. Let a and b the supermatrix made from A. 


13 6 0/4 5 
2 1 6/3 0 
a=}1 1 1/2 1 
0 1 0]1 0 
[220° 42.4 
where 
3 6 4 5 
ar=|2 1 6),a2=|3 Of], 
1 1 2 1 
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b= i a 
Leer b,, 
where 
3 6 0 4 5 
bu = pee » Diz : > 
1 11 2 1 
010 1 0 
by; =[2 01 2 ] and bo = [1]. 
[3 6 0/4 5 
2 1 6/3 0 
a=/1 1 1/2 1 
0 1 0]1 0 
1 Oe Ae 
and 


We see that the corresponding scalar elements for matrix a and 
matrix b are identical. Thus two supermatrices are equal if and 
only if their corresponding simple forms are equal. 


Now we give examples of type III supervector for more 
refer [19]. 
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Example 1.1.12: 


3 2 1\/7 8 
a=|0 2 1/6 9|= [T'Ja' 
00 5/1 2 
and 

[2 0 0 
9 4 0 

b=/8 3 6 -|Z] 
5 2 9 ? 
4 7 3 


are type III supervectors. 


One interesting and common example of a type III supervector 
is a prediction data matrix having both predictor and criterion 
attributes. 

The next interesting notion about supermatrix is_ its 
transpose. First we illustrate this by an example before we give 
the general case. 


Example 1.1.13: Let 


2 1 3/5 6 
0 2-6) a" 4 
iam Faas at ne 

a=12 2 0/1 4 
5 61/0 1 
20 0/0 4 
Ieeaie: sass as 

aD) 
=], Any 
a,, a 
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where 


2 3 5 6 
ai, = 0 2 0 >» Ajy2 = 1 1 ¥ 
1 1 1 0 2 


tee) 
i) 
| 
[SA acl 
nA nN 
Nn N 
- © 
UL ___] 
tov) 
v 
Nv 
II 
f= al 
Co _ 
- Re 
UL} 


20 1/2 5}2 1 
1 2 1/2 6|;0 0 
a=a'=/3 0 1/0 1/0 1 
5 1 0;1 0}0 1 
6 1 2]1 1/4 5 


Let us consider the transposes of aj, 412, a21, 422, 231 and agp. 


201 
a= ay, = 2 1 

[3 0 1 
he BUD 
came a as 
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a, yp Aim 
= Az, Any Aon 

a > F 
ant ano aom 


be a n X m supermatrix. The transpose of the supermatrix a 
denoted by 


ay, Ay, any 
Id t t 
»_ | A2 Arg ano 
a= . 
t t t 
Fim Aom aa aam 


a' is a m by n supermatrix obtained by taking the transpose of 
each element i.e., the submatrices of a. 
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Now we will find the transpose of a symmetrically partitioned 
symmetric simple matrix. Let a be the symmetrically partitioned 
symmetric simple matrix. 


Let a be am X m symmetric supermatrix 1.e., 


Ay, Ag, ant 

Ro) an? 
a= . 

Ain Aon Ainm 


the transpose of the supermatrix is given by a' 


ayy. aig). Sette Ge)" 
' Aig. gg. Pha) 


rae) 
ll 


The diagonal matrix a;; are symmetric matrices so are unaltered 
by transposition. Hence 


! es ! = ! — 
411 = 411, 222 = 422, -.-5 Amm — Amm- 


Recall also the transpose of a transpose is the original matrix. 
Therefore 


(a'12)' = a2, (a'}3)' = A135 «+55 (a'j)' = aij. 


Thus the transpose of supermatrix constructed by 
symmetrically partitioned symmetric simple matrix a of a’ is 
given by 


ay) ajo lm 
' 
pe 21 ay, Aom 
es i : 
' ' 
Aim Aon Anm 
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Thus a= a’. 
Similarly transpose of a symmetrically partitioned diagonal 
matrix is simply the original diagonal supermatrix itself; 


Le., if 


d' = di, d's = d etc. Thus D =D". 
Now we see the transpose of a type I supervector. 


Example 1.1.14: Let 


Se MIN nn BIN RF W 


The transpose of V denoted by V' or V' is 


VSB 12 (457/51): 
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If 


where 
3 
Vvi= 1 
2 
Thus if 
then 


Example 1.1.15: Let 


i.e., t’ 


oO 


Re ON 


or oF 
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The addition of supermatrices may not be always be defined. 


Example 1.1.16: For instance let 


and 


where 


ai = [4 3], ay = [6]. 


bi = [2], be =[1 3] 


5 4 1 
bo = H and bo = F A Fi 


It is clear both a and b are second order square supermatrices 
but here we cannot add together the corresponding matrix 
elements of a and b because the submatrices do not have the 
same order. 

Now we proceed onto recall the definition of minor product 
of two supervectors. 


Suppose 
Va, Vs, 
= Ve and Vp = * 
ay Vp, 


2h: 


The minor product of these two supervectors v, and v, is given 
by 


=k ' ' 
= Va, Yb, TeV Vi. ana seiV Vip: : 


We illustrate this by the following example. 


Example 1.1.17: Let V, and V, be two type I supervectors 
where 


with 


Let 


where 
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Vu, 
SON, Vg Ev Vy 
2 —4 
1 -l 
= [0 1 2]}-1]+[4 0 1 -1] 5 +[1 af 
0 
~ 0 
—] + (16+2) + (-1+2) 


= -1-16+2-1+2 
= 14, 


It is easily proved V', Vy = ViVa. 
Now we proceed on to recall the definition of major product 


of type I supervectors. 
Suppose 


Vv Vu, 


be any two supervectors of type I. The major product is defined 
as 


29 


’ ’ 
Va, Vp, Va, Vp, “ee Va, oe 


Now we illustrate this by the following example. 


Example 1.1.18: Let 


Vp 
V, ; 
1 Vi 
Va=|v,, | andVp=| ° 
2 Ne 
Vv, 
3 VE 
where 
' 1 
she 0 Pa ee -| and v, =| 2 
0 
and 
: 1 
Vv, =| 1], Vs, “BF v,, = and v, =[5] 
D: 
0 
| 2 
1 
-1 
V,V', = a [3 1 2|1 2|3 4 -1 0| 5] 
2 
0 
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[2][3 1 2} [2][1 2| [2][3 4 -l 0] [2][5] 


0 0 0 0 
[6 2 4|2 4]6 4 -2 0|10 
cy Fe (ie (ee > Ses | [ 

_|-3 -1 -2/-1 -2]/-3 -4 1 0]-5 

3 2/3 4 -1 0] 5 
4 4/6 8 2 0] 10 
[ 0 0/0 0 0 0] 0 


We leave it for the reader to verify that (V, V'p)' = Vb V's. 


Example 1.1.19: We just recall if 
3 
v=|4 
7 


is a column vector and v' the transpose of v is a row vector then 
we have 


3 
vv=[3 4 7]/4 
7 
=7 +4 +7 = 74. 
Thus if 
Ve = [x1 XQ... Xn] 


31 


Vv‘. Nee = [x1 AD oes Xn] 


aon: 2 2 
=x, +x, +...+x,. 


Also 
xX, 
xX, 
fli... 1) ) 2} =[xp +x. +... +X] 
xX, 
and 
1 
1 
[X1 X2... Xn] =[x,+ x24 + Xn]3 
1 
Le., I'v, =Vvyl= Des 
where 
xX, 
xX, 
Vx]. 
xX, 
and 


Sk = ee as Fe 


We have the following types of products defined. 
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Example 1.1.20: We have 


0 
[0100] =], 
0 
[9 
1 
[0100] =0, 
0 
[9 
1 
1 
[0100] A =] 
1 
and 
0 0 0 0 
1 1 0 0 
[1 00]= 
0 0 0 0 
0 0 0 0 
Recall 
ai, Ay, Aim 
a~] 4, An) Aon 
any ans nm 
we have 
aj 
a! 
=| (1) 
‘ R 
and 
Aaa jaca les (2) 
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Now transpose of 


is given by the equation 


a’ =| (ai)' (a,y-(@))' |. 


(a'y’ 

2\r 

ja\@) 

(a™)'|, 
The matrix 

bi, Diy b,, 
b= b,, By 2s 
b, by b,, 


row supervector of b is 


b =[b; bo... b,j: = [b' b? ... b*}. 


Column supervector of b is 


Transpose of b; 
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wae 
a 
b' = [b; bo Siete bis. 


The product of two matrices as a minor product of type II 
supervector. 


How ever to make this point clear we give an example. 


Example 1.1.21: Let 


and 


2 1 
ab=|3 [1 2]+/5|[3 1] 
6 1 
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2 4 3. 1 
=).3~< «6: [se) 1S eS: 
6 12 3.1 
ee) 
=|18 11 
9 13 


It is easily verified that if the major product of the type II 
supervector is computed between a and b, then the major 
product coincides with the minor product. From the above 


example. 


ab 


[2 1 


N 


i 
| 


1 2 
3 5 
Bb} |3) B |; 
1 | 2 
1 6 1 
6 1 |3) 4a |F 
2x14+1x3 2x2+I1xl 
3x1+5x3 3x2+5xl 
6x14+1x3 6x2+4+I1xl 
5 65 
=/18 11 
9 13 


We can find the minor and major product of supervectors by 
reversing the order of the factors. Since the theory of 
multiplication of supermatrices involves lots of notations we 
have resolved to explain these concepts by working out these 
concepts with numerical illustrations, which we feel is easy for 


36 


the grasp of the reader. Now we give the numerical illustration 
of the minor product of Type III vectors. 


Example 1.1.22: Let 


2 3/4|/2 2 2 
X=/-1 1]/1/1 0 1 
0 0|2|)-4 0 0 
and 
[2 0 
1 1 
ae 
5 3 
1 -l 
0 2 


f2 0 
1 1 
2: Bald. 2.2] — 
21 
RV SL. Uh ||| iy Oa ea 
5 3 
0 0|2|-4 0 0 
1 -l 
0 2 
2 3 2.2 SIs B 
2 0 
=|-1 a]{) {ee dept aya = 
0 4 0 o|jo 2 
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=| 6 7 
-16 -10 

[2 -1 0 
a bi 68 

vix'=[) lak 1 | 4 1 
0 1{/1|/3 -1 2}/2 1 -4 

2 0 

2. 


2 1 
2 1//2 -1 O 2 5 1 0 
= + [4 1 2]+ 20 O 
0 1/3 #1 =«0 1 3 -l1 2 
2 1 =O 


_f27 
15 


From this example it is very clear. 


aD 
| | 
— 
of 
eee 


(XY)'=Y'X' 


Now we illustrate the minor product moment of type HI row 
supervector by an example. 


Example 1.1.23: Let 
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Consider 


z E-2 
3.4 -1 
2°-3\/4/3 4 5 0]14 1 2 
XxX’=]1 4}/1/1 1 -1 6]/3 1 0 
2. 1B. 20k AIA 32 
5 -1 1 
10 6 1 
2.3 
2.12 
=|1 4 +/1/[4 1 2]+ 
3.41 
27 A 
3 1 0 
34 5 0 
4. 15 2 
1 1 -1 6 
5 -1 1 
Oo. 1. 
0 6 1 


=/14 17 + 2}+/2 39 7 
7 6 5 4 13 7 6 
79 20 28 
=|20 57 15}. 

28 15 15 


Minor product of Type III column supervector is illustrated by 
the following example. 


Example 1.1.24: Let 
pf Liew FLO a2. Mt etd 
Y= 
0 1 542}/0 3 01 0 
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where Y is the column supervector 


2 3 1;0)/1 2 1° 5 1} }—— 
0 1 5;2}0 3 0 1 0 


= Oe NO 
oF OW O&O 


Se OO oe te anor de 
8 26} |0 4] [11 10 19 40] 
Next we proceed on to illustrate the major product of Type III 


vectors. 


Example 1.1.25: Let 


nA BDL RIN Ww 
Re NY WILNI oO 


and 


40 


Sa 
NAN 
oh Oe) 
nm © 
Il 
> 


at 
Sin et 
NAN 
WN | 
nO mA © 
re, 


re 0) as 0 | aT | 
Se ene FY ie 
NAN AINA DIN A 
BO en | Ie a oe 
— | rapes | — 
cae on Sot | 
“4 oO N aN 
nan mes owt wn 

| | an | 
Ee stl =, 2 a ihe ee! 
A — S52 — S12 — ca 
— | cree | Smal 
| on Sr ul 
=) N aN 
nan ats Nowa. ana) 
Kilian | | 


—10 


2 


10) 34 14 


14) 25 13 


Now minor product of type IV vector is illustrated by the 


following example. 
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Example 1.1.26: Let 


and 


x 


1 


0 2);3 0 


2 0/0 


0 2}3 0 
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[4 8] 


[12 4 8] 


[4 4 0 4] 
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We now illustrate minor product moment of type IV row vector 


om|]o TM wl 
N Sela eS Sl 
m~ NID Be OTFTIO Tael[tuNn mm alr 
fel 
cn 
Orla Qrwtet 
aaa FTN Raln tomato 
Swoln Ao o|/M 
NAAINAN TWAT HWHalaenauaola 7 al — 
=a ONIN NANA DIN @® o Oo Oo Se) 
LV a @N I EQN | 
t+ nln an aniw Srinowovwnse 
— — 
Alo Pr = OIN BA Re eI 
-” ica) cea ntay 
Oo No FNM NIO 
— 
ey Ee eee Se eae et ee ee SS AO ee 
Oo rjyon nr joo 
fe SS AR cate Fc > ye ne ea 
va) f=) fae) 


Example 1.1.27: Let 


2 


5 0/2 


2° 2 


2 
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2 3 4)2 
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47 


3 5/2 2 6 2\|4 
Be Q: 3 A Td BF 
DO: aoe ak Me SD 
| ee ee ee |e 
6 11/1 5 26 6] 11 
23 (od 6 23 
4 7/2 3 11 31] 6 
[1.22 | BS te Be 1s 
2. Be. So SEO 
37/10 6 7 5415 
Di! SF nb 10; 5e 05 B 
2 5/7 5 5 4/10 
The Ae |B A BS 
5 10" 95"- 5. 102.5105 
PS O26 Se Ae Po) ad 
G48. Q13..22. 1S |31 
6 12/13 9 I1 10) 19 
=|5 13/9 16 16 16/12 


The minor product moment of type IV column 
vector is illustrated for the same X just given in case of row 
product. 
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Example 1.1.28: Let 


2 


2|2 


2 


0} 2 


5 


ANNIE NM TIN 
> on on OO EE (om) 
a NIN GN ra) 
= NANI oO CO OO }/eR 
a“ N 
Sn A cee Ol on > | Smal = 
Co — 
asa NICO WN N 
aN 
lige es & oo eos cee al "a 
Na HIM COIN =“ AN 
en en Se ON a =“ lS 
aN 
Da COIN waIM 
inane peat or = wl 
7-4 Oo DIT NIN Na NIN 
Co a IM GI =— Se ele CO 
L 
Ne NIN DIN ll 
Co ee a ee 
L | 
II 


AS = AIM COIN 


+ 


—eE—E 
| ee a eran | 
=e Ol NIT 
Wa COIN AITO 
= CoO ma Ila MIN 
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|eCom nN a 


[2][2] 


RISO] 


[Iz 1 


[5 3 5/5 2/5 27 6 1/12 10/21 
3) BS: A 3 6 3 11/6 4/8 
SB NSH, Wa de hs 2 8 
5 SSDS ht |i e elas Molds | 
aa ae a 10 4 4]10 15] 18 
5 3 5/5 2([5 21 8 3/15 18] 30 

14 2 2]10 0 

ae aa alles a 

ie As 0 

10 5 5/25 0] 10 

0 00/0 0] 0 

4 2 2/10 0/4 


30 13 10/}30 20) 39 


Now we proceed on to illustrate the major product of type IV 
vectors 


Example 1.1.29: Let 


Se ON KF WO = 
or Oe KF N 


oN FW eR NY 
BN RF WN Re 
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and 


[be oh. = ae] Pe a), RS 0 

102 4) |/3 1] |4 1°41 

0 10 3! |/1 O| |1 2 1 
Y= 

bl OO a) a ee 

1.601 Meh a es Ste 

[Oo 1 0 1] {1 1] [1 -1 0 


Now we find the major product of XY. The product of the first 
row of X with first column of Y gives 


[a NE SSN Sa) Oo COD OY 
or oO] Oo NIN 
pe Re Ol]lw Bie 


a2 


Le skb abt o 


{16 11 
[19 10]. 


Consider the product of first row with the 3“ column. 
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eS NO!]LNO FI] Re 


ON FIle BIO 


[20 6 8 
21 14 8| 


The product of 2™ row of X with first column of Y gives 


ee ieee | 
is Se Ae Oe 
2/3 1/2 0 1/0 1 0 3). 
3/4 2/0 1 oll1 1 0 O| — 
4/2 4/1 0 o1 011 
lo 101 
1 it 111), 
2 SiG Se a De Or 4 
[11 2 1+ |s 1 
3 4 2\/10 1 0 3] jo 1 0 
4 # 1 o ot? 
i es Maes Pee ee a ee 
OE 2 AMO Be aT: ob: 155) 2B 50-4 
~l3 3 6 3|'|4 2 8 22/11 011 
14 4 8 4] |2 4 4 20] [1 1 0 0 
[4 6 5 16 
_|7 6 10 18 
18 5 15 26 
7 9 12 24 


The product of 3™ row of X with the 3 column of Y. 
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—-@ OOO 


oro 


= — 8S 


ee ee 
4 1 1 
1.2 4 
5|0 1{1 11 
[5|0 1| err 
2, 
|1 -1 0 
1 24 
411 
= [5][3 1 o]+[o ft 5 ype 2 ap i 2 
1 -1 0 


= [1550]+[121]+[423] 
= [2094]. 


The product of second row of X with second column of Y. 


Bs A 
ds Sto Nd 
213 1/2 0 1//1 0 
3/4 2/0 1 O;]2 1 
4/2 4/1 0 O/1 2 
ie ee 
[1 1 3 i | 
O° ol 
2 3 PBs Al 2 sO 
=| |[2 1]+ + 1 2 
3 4 2/11 0 ie i ae 
| 4 24 1 00 
Peay eee a ARs 
4 2} |10 3] |5 3 
= + + 
6 3] |14 4] |1 2 
8 4] }10 2} |2 1 
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The product of the 2"! row with the last column of Y. 


1 
3 


1 
2 


22 10 6 


29 12 8 


25 16 7 
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The product of 3™ row of X with 1 column of Y 


[5|o 1]1 1 J] 


(a en ee OS el 
- Oo FIle CO] 
or CO] oO NIN 


1 
4 
3 
0 
1 
1 


1024 a 
[s][1 1 2 1+[0 il ar st 1 ijj1 0 
01 


or © 
_—-_ == © 


=[55105]+[0103]+[2212] 
=[78 11 10]. 


The product of 3“ row of X with 2™ column of Y. 


[5|o 1]1 1 1]/——]= 


Re NO 


3 1 . 
sian+ou| |e 1 ij 
1 


[10 5]+[1 O]+[4 4] 
= [15 9]. 
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6 6 17|16 11])20 6 8 

8 8 15 }19 10]21 14 8 

4 6 16/12 6114 10 7 
XY=|]7 6 10 18/19 8 | 22 10 6 

8 5 15 26/21 9 |29 12 8 

7 9 12 24)20 7)25 16 7 

7 8 11 10)15 9)20 9 4 ee 


On similar lines we can find the transpose of major product of 
Type IV vectors. 


Now we proceed on to just show the major product moment 
of a type IV vector. 


Example 1.1.30: Suppose 


1 2-8! Bed 
DVB iP ae Ue D 
[:) 4022/32) D 
x=(4/1 3/2 1 1 
2/3 2|/3 2 3 
ie ae ie Ee a 
2/1 2/2 1 3 
and 
[A 2 |e. Ae Se BD 
2°35) 4 de 230 4a 9 
Mile Ds 8°. 2t 
* 3 D3 3e 2 
OF Do 
LE 224)2 “Ek 3 2) 3 
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4 2/3 2 2 


3} 2 


2° \-2 


1 


4 


2) 32 253i 22) 3 


2 


Product of 1“ row of X' with 1“ column of X 


Se ee ae ee el 
= OUT rt NE Oe eae iO 


N N 
ra) N 
nN ee 
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a Se 
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Product of 1“ row of X‘ with 2™ column of X. 


fi 2|1 4 2 32] 


[8 3] + [26 21]+[2 4] 
= [36 28]. 


The product of 1“ row of X' with 3“ column of X. 


[e322 
21, 2 
32:2 
fi 2|1 4 2 3 ]2]/2 1 1 
a 203 
14 2 
21 3 
322 
322 2-151 
= [1 2] a ee bo 
14 2 
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[74.5] +[20 22 18] +[4 2 6] 
= [31 28 29]. 


The product of 2™ row of X' with 1“ column of X. 


al 
me N 
— WwW 
Ny #& 
Wo 
N w 
me OR 
NO Re 
es 
NILwW NY BB RIN 


~ Ghlal(}-Ga) 


The product of 2™ row of X' with 2"¢ column of X. 
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2 
2 3/72 1] [4 1 3 4]/1 3 
= + 
1 113 1] |/2 3 2 14/3 2 
1 
[13 5] [42 21 ae: 
= + + 
[5 2] [21 18] [2 4 


_ [56 28 
[28 24] 


The product of 2™ row of X' with 3“ column of X. 


(3 2 1 
OF 2 
a. 2 2 
F 3 i 1 3 H | As Gd 
He Dee 2B 2, ade oF 
L 4&2 
2 1 3 
3. 22 
2 B43 (201) A 23 4 a be fa 
[eile t abl s 2 a)5 2 sPEIe 4 
TL eos Yee Se G8 Tel) BeBe Sah 2 
1 4 2 


_ [12 7 8 [27 31 26],/2 1 3 
5 3 3} {19 15 15] |4 2 6 
_ [41 39 37 
[28 20 24] 
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The product of 3 row of X‘ with 1“ column of X. 


W ke NN 
NIwW NY BB RIN 


7 20 4 31 
= |4]+] 22}+)2]=} 28]. 
5 18 6 29 


The product of 3™ row of X‘ with 2" column of X. 


oa 
34 
OS. oO B04 24-2 
oe tO aD 3 
7 |e ee We alec 8 |e ae 
4 ] 
ino 


= 7 3 )4+})31 15]/4+)/1 2 
8 3 26 15 3 
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The product 3" row of X' with 3" column of X. 


[3 2 1 
o, A 
5. 2S 2 Bl [Dae 2c 2 
2 2 BAe aie ad 
fe POs Bh Bo OPS e238 
i #2 
an ae 
[13 8 7] [23 18 19] [4 2 6 
So SoS AAAS: 95" 1949) 1-3 
17 4 5} {19 19 18] |6 3 9 
[40 28 32 
= |28 31 26}. 
[32 26 32 
xX'X= 


On similar lines interested reader can find the major product 
moment of type IV column vector. 


1.2 Bimatrices and their Generalizations 


In this section we recall some of the basic properties of 
bimatrices and their generalizations which will be useful for us 
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in the definition of linear bicodes and linear n-codes 
respectively. 

In this section we recall the notion of bimatrix and illustrate 
them with examples and define some of basic operations on 
them. 


DEFINITION 1.2.1: 4 bimatrix Ag is defined as the union of two 
rectangular array of numbers A; and Az arranged into rows and 
columns. It is written as follows Ap = A; U Az where A; # Az 
with 


1 1 1 

a, Az a, 

a, a a 

21 22 2 
A, =; “ 
1 1 1 
Ln and Dann 

and 

ee 2 2 

a, Ap a, 

a a. a 
A, = 21 22 2n 
2 2 2 
ant and Dan 


‘U’ is just the notational convenience (symbol) only. 


The above array is called a m by n bimatrix (written as 
B(m x n) since each of A; (i = 1, 2) has m rows and n columns). 
It is to be noted a bimatrix has no numerical value associated 
with it. It is only a convenient way of representing a pair of 
array of numbers. 


Note: If A; = A> then Ag = A; U Ad is not a bimatrix. A 
bimatrix Ag is denoted by (a;,) U (a;;) . If both A; and A> are m 


x n matrices then the bimatrix Ag: is called the m x n rectangular 
bimatrix. 
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But we make an assumption the zero bimatrix is a union of 
two zero matrices even if A; and A, are one and the same; i.e., 
Ay = Ad = (0). 


Example 1.2.1: The following are bimatrices 


; 3 0 1 0 2 -l1 
1. Ag= U 
Ee 2 1 | I | 


is arectangular 2 x 3 bimatrix. 


3 0 
ii. Ae SAG 
2 0 


is acolumn bimatrix. 
iil. "3 = (3, -2, 0, 1, 1) UC, 1, -1, 1, 2) 
is arow bimatrix. 


In a bimatrix Ag = A; UA, if both A; and A, are m xn 
rectangular matrices then the bimatrix Ag is called the 
rectangular m x n bimatrix. 


DEFINITION 1.2.2: Let Ag = A; UA? be a bimatrix. If both A; 
and Az are square matrices then Ag is called the square 
bimatrix. 

If one of the matrices in the bimatrix Ag = A; UA; is a 
square matrix and other is a rectangular matrix or if both A; 
and A; are rectangular matrices say m; xn; and m2 x nz with m; 
#mMp or n; #N2 then we say Ax is a mixed bimatrix. 


The following are examples of a square bimatrix and the mixed 
bimatrix. 
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Example 1.2.2: Given 


3 0 1 Ah. A 
Ap=/|2 1 1/uU;2 1 0 
-1 1 0 00 1 
is a3 x 3 square bimatrix. 
1 1 0 0 2 0 0 -l 
200 1 -1 0 1 
A'p U 
0 0 0 3 0 =) 0 3 
i Oo «32 —3 2 0 0 
is a4 x 4 square bimatrix. 
Example 1.2.3: Let 
3° Ot 2 
ths 2 
001 1 
Ag= UjO 2 1 
2 10 0 
0 0 4 
1 Oo 1.0 


then Ag is a mixed square bimatrix. 
Let 


A's is a mixed bimatrix. 


Now we proceed on to give the operations on bimatrices. 
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Let Ag = A; U Az and Cg = C; U Cz be two bimatrices we 
say Ax and Cx are equal written as Ag = Cx if and only if A; and 
C, are identical and A, and C; are identical i.e., A; = C; and A, 
= C). 

If Ag = Ay U Ay and Cg = C; U Co, we say Ag is not equal 
to Cg, we write Ap # Cp if and only if A; # Cy or Ap # Co. 


Example 1.2.4: Let 


and 


cs 
II 
Cc 1 
- © 
- © 
NO 
a | 
| 

w © 
Oo Ff 
o (| 
N 
a | 


Q 
ee) 
II 
(ak | 
an) 
- © 
NO ee 
LJ 
C 
fr >a 
- © 
Co Oo 
- S&S 
Ld 


clearly Ap # Cz. 
If Ap = Cg then we have Cz = Ag. 


We now proceed on to define multiplication by a scalar. 
Given a bimatrix Ag = A; U B, and a scalar A, the product of A 
and Ag written 1 Ag is defined to be 


es Ab, ov Ab 
a 


In 
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each element of A; and B, are multiplied by 2. The product A 
Ag is then another bimatrix having m rows and n columns if Ag 
has m rows and n columns. 


We write 
AAp = [aa, Ul Ab, | 
= — faa ]u[b,a] 
= Agh. 


Example 1.2.5: Let 


20 1 iQ: ao Sa 
Ag= U 
[3 3 -1 [2 1 0 
and A = 3 then 
16 0 3 [0 3 -3 
3ApR= U é 
19 9 -3 16 3 0 
IfA =-2 for 
Ae = [312-4] VU[01-10], 
een = [6-2-48]U [0-220]. 


Let Ag = A; U B; and Cg = A, U B, be any two m x n 
bimatrices. The sum Dg of the bimatrices Ap and Cp is defined 
as Dg = Ag + Cg = [Ai U By] + [Ao U Bo] = (A; + Ad) U [Bo + 
B2]; where A; + A» and B; + By» are the usual addition of 
matrices 1.e., if 


and 


then 
An + Ca=Dp= (aj, +az) U(b; +b;) (Vij). 


If we write in detail 
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1 1 1 1 
ai; ain bi, b., 
Aes|2 hye : 
1 1 1 1 
| Fmt Aion Des Be 
pee 2 2 2 
ai; ain bi, bi, 
eee cere : 
2 2 2 2 
| Ami Ann Bea Dax 
Ag t+ Cg = 
1 2 1 2 1 2 
aj, + ay, Ain Tain b,, +b), b,, +i, 
U ; : 
1 2 1 2 1 2 1 2 
Attain +++ Gm Tn birt Din ++» Din +Dinn 


The expression is abbreviated to 


Dg = Ag + Cp 
(A; U Bi) a (A2 U Bo) 
(A; =F Ad) U (B, of B,). 


Thus two bimatrices are added by adding the corresponding 
elements only when compatibility of usual matrix addition 
exists. 


Note: If Ag = A' U A’ be a bimatrix we call A’ and A’ as the 
components of Ag or component matrices of the bimatrix Ax. 


Example 1.2.6: 
(i) Let 
3 1 1 4 0 -l 
Agp= U 
e 0 ‘1 A 1 zi 
and 
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(ii) Let 
Ag =(32-101)U(0110-1) 

and 
Cg=(11111)U(5-1 203), 


Ap t+ Cp=(43012)U(5 0302). 


Example 1.2.7: Let 


6 -l 3 1 
Ap=|2 2|/uU/0 2 
[1-1 -1 3 
and 
eae: 1 4 
Cas Aes 2, 1 
3 0 3 1 
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AgptAp=|4 4]U/]0 4] =2A, 


2 -2 —2 6 
4 -8 2 8 
Cpet+Cg=/8 -2] U/4 2] =2C, 
6 0 6 2 
Similarly we can add 
18 -3 o -<3 
Ag + Ap t+ Ap = 3AzB = 6 6 U 0 6]. 

a, a3 3-9 


Note: Addition of bimatrices are defined if and only if both the 
bimatrices are m x n bimatrices. 


Let 


and 


LoS) 
— 
— 


Cp=/|2 1}/U/2 -l}. 


The addition of Ag with Cg is not defined for Ag is a 2 x 3 
bimatrix where as Cx is a3 x 2 bimatrix. 

Clearly Ag + Cg = Cg + Ag when both Ag and Cg are m x n 
matrices. 

Also if Ag, Cg, Dg be any three m x n bimatrices then Ag + 
(Cg + Dg) = (Ag + Cp) + Da. 
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Subtraction is defined in terms of operations already considered 
for if 


Ag = Ay U A> 
and 
Bg =B, UB) 
then 
Ag —Bpg a Ag as ( —Bpz) 
= (A, U Az ) +(-B; U—Bo) 
7 (A; — B; ) U (Az — Bz) 
= [Ai + (-B,)] UV [A2 + (-B2)]. 
Example 1.2.8: 
1. Let 
3 «1 5 2 
Ap=|{-l 2/U/]1 1 
0 3 3-2 
and 


3 1 5 -2 8 -l 9 2 
= ,/-l 2)U;1 1 +9-5|4 2/U;/2 9 
0 3 3-2 =]. 3 -1 1 

3. 1 8 -l 3. -=2 9 
So) 2H) A Depron Te Dips} 2e 79 
0 3 -1 3 3-2; |-1 1 


73 


-5 2 4 -4 
= }]-5 O}U}-l —-8}. 
1 0 4 -3 
i. Let 
Ag = (1, 2,3,-1, 2, 1)U@,-1, 2, 0, 3, 1) 
and 
Bs = (GL-T, 14,10) v (2, 0) —2,:0; 35:0) 
then 
Ag+(-Bg) = (2,1, 2,-2, 1, 1) UC, -1, 4, 0, 0, 1). 


Now we have defined addition and subtraction of bimatrices. 
Unlike in matrices we cannot say if we add two bimatrices the 


sum will be a bimatrix. 


Now we proceed onto define the notion of n-matrices. 


DEFINITION 1.2.3: A n matrix A is defined to be the union of n 


rectangular array of numbers Aj, 
columns. It is written as A= A; U 


..., Ay arranged into rows and 
... VA, where A; #A; with 


: i i 
a, Ay a» 
oe ai 

21 2 2 

Ay> a 3 ik 

a a a 


ml m2 


Pa Loew 


mp 


'U' is just the notional convenience (symbol) only (n = 3). 


Note: Ifn = 2 we get the bimatrix. 
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Example 1.2.9: Let 


3 1 01 2 141 £=0 
A= U U 
; 0 1 i i 1 1 : 


1001 5 1 02 
U 
01 041 7 -1 0 3 
A is a 4-matrix. 


Example 1.2.10: Let 


A=A,UA,UA3U AgUAs 


ee 
5) a) 
Ss POO] ee ect ee Ge SE 
0 97. <8 

| 0 
G20 El 
2h, 3: 5 je =e. B 
noe! Oe Set 
4 6 6 0 


A is a 5-matrix. Infact A is a mixed 5-matrix. 


Example 1.2.11: Consider the 7-matrix 


a eal loa 


A 
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pe COO nN © 


UB78 10) uU |-1 


NY OF WwW 
le a ge OP 


=A,;UA,U... UA, Ais a mixed 7-matrix. 
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Chapter Two 


SUPERBIMATRICES AND THEIR 
PROPERTIES 


In this chapter we introduce the notion of superbimatrices and 
explain some of its properties. We also give the type of products 
defined on them. Also the notion of semi superbimatrices and 
symmetric semi superbimatrices are introduced. 


DEFINITION 2.1: Let 4; and A; be any two supermatrices, we 
call A = A; UA? to be a superbimatrix; ‘UL’ is just the symbol. 


Note: Further if A; = Ay, as non partitioned matrices then they 
must have distinct partitions. If A; = A, and they have the same 
set of partitions then we don’t call A = A; U A, to be a 
superbimatrix. 


We first illustrate this by the following examples. 


Example 2.1: Let 
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and 


1 10 1 0 

202 0 1 
Ao) = 

5 2 1 0°55 

1 101 2 


be any two supermatrices A = A; U Az Is a superbimatrix. 


1 101 40 
3 1/0 2 
20201 
A=/1 1/6 O}vU 
5 2 10 5 
01/0 -l 
1101 2 
is a superbimatrix. 
Example 2.2: Let 
[3 0 2 
0 1 3 
A, = 
1 1 2 
0 0 -1 


and 


be two supermatrices. A = A; U Az is a superbimatrix. We see 
clearly A; and A: are identical but only the partition on A, and 
A, Is different. Hence A is a superbimatrix. 


Example 2.3: Let 


3/0 1 
A;=|2]1 1 
5|2 0 
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and 


Clearly A = A; U Ap Is not a superbimatrix. 
Example 2.4: Let A = A; U A: be a superbimatrix where 


A, =[3012|112]|15] 
and 


So NRF eR 


Example 2.5: Let A = A; U Az where A; = [3 101|5023 1] 
and A,=[301|220531{|01 1]. A is a superbimatrix in 
which we see both A, and A, are row supermatrices. 


Example 2.6: Let A = A; U Az where 


3 = 
1 
0 
2 
2 
7 3 
Ay = and A,= | 4 
10 
5 
=| = 
6 
5 
7 


are two super column matrices. Then A is a superbimatrix. 
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Example 2.7: Let A= A; U A> where A; = [3 1 | 205] and 


— 


a 
Aj = 0 
5 


at 


be two supermatrices. Clearly A = A, U A, is not a super 
column bimatrix or a super row bimatrix. 


Now we have seen several examples of superbimatrices and we 
see each of them is of a specific type, so now we proceed on to 
define them. 


DEFINITION 2.2: Let A = A; UA where A; = [aj; | 472 |... | Qin] 
and Az = [a1 a27 423 | G24... A2m] are both distinct super row 
matrices. Then we define A = A; U Az to be a super row 
bimatrix. 


The superbimatrix given in example 2.5 is a super row bimatrix. 
Now we proceed onto define the notion of super column 
bimatrix. 


DEFINITION 2.3: Let A = A; UA, where both A; and A> distinct 
column supermatrices, 


A; 


Il 
iS) 


and 
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A2= | a; 


A is a superbimatrix which we define as the super column 
bimatrix or a column superbimatrix. 


The superbimatrix given in example 2.6 is a super column 
bimatrix. 
Now we proceed onto define square superbimatrix. 


DEFINITION 2.4: Let A = A; UA; be a superbimatrix. If both A; 
and A, are distinct m xm square supermatrices then we call A 
= A; UA; to be a square superbimatrix. 


The superbimatrix given in example 2.2 is a _ square 
superbimatrix or to be more specific A is a 4 x 4 is square 
superbimatrix. 


Note: If in the square supermatrix A = A; U A; if we have A, to 
be a m x m square supermatrix and A, to be an x n square 
supermatrix (m # n) then we call A = A; U A, to be a mixed 
square superbimatrix. 

We now illustrate this by a simple example. 


Example 2.8: Let A = A; U Az where 


A, = 
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and 


both A; and A) are square supermatrices of different order. Thus 
A=A,U Adis a mixed square superbimatrix. 


Now we proceed onto define rectangular superbimatrix and 
mixed rectangular superbimatrix. 


DEFINITION 2.5: Let A = A; UA; if both A; and A; are distinct 
m xn rectangular superbimatrices then we define A = A; UA; 
to be a rectangular superbimatrix. If A; is am, xn; rectangular 
supermatrix and Aj is a m2 X nz rectangular supermatrix with 
m, #M> (or nN; #N) then we call A = A; U Az to be a mixed 
rectangular superbimatrix. 


The example 2.1 is a superbimatrix which is a mixed 
rectangular superbimatrix. 

Now we proceed onto give an example of a rectangular 
superbimatrix. 


Example 2.9: Let A= A; U Az where 


3 12 3/5 0 
fa tft 
101 0/1 0 
eS 
and 
[1 1/1 00 0 
10/0 101 
BOS 19 B93. 1.90 
a> fi| 0, 
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be any two rectangular supermatrices of same order i.e., both A, 
and A, are 4 x 6 supermatrices. We define A = A; U A: to bea 
rectangular superbimatrix of 4 x 6 order. 

Now lastly we proceed onto define the notion of mixed 
superbimatrix. 


DEFINITION 2.6: Let A = A; U A> where A; and A> are 
supermatrices if A; is a square supermatrix and A) is a 
rectangular supermatrix then we define A = A; U Az to bea 
mixed superbimatrix. 


The superbimatrix given in all the examples is not a mixed 


superbimatrix. So now we proceed onto give an example of the 
same. 


Example 2.10: Let A= A; U A2 where 


3, LO 2° 3 
1 OE 1 2 
A970 So 7 
yan Ce ae | 
3 2/0 0 3 


and 


are two supermatrices where A; is a 5 x 5 square supermatrix 
and A, is a 4 x 6 rectangular supermatrix. Then A = A; U A; is 
a mixed superbimatrix. 


Now having seen examples and definitions of several types of 


superbimatrices now we proceed onto define operations on them 
and the conditions under which operations are defined on them. 
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We first illustrate by some examples before we abstractly 
define those concepts. 


Example 2.11: Let A = A; U A, and B = B, U B, be two 
superbimatrices. Suppose 


3 0f1 
A=AUM=BI 21015 NUL) aH 


and 


0 0; 1 
B=B,UB)=[0-10]10-15]U : 
—2 0/5 


Then we can define biaddition of the superbimatrices A and B. 


A+B (A; U Ad) + (By U By) 


= (A, +B))U (A; + Bo) 
= [312/0151]+[0-10|10-15] 


3 O40 0 Oj1 
U “F ‘ 
2 Wild —2 0|5 
2 QD 
= [302|1146]U : 
0 1/6 
We see both A and B are mixed superbimatrices and A + B is 
also a mixed superbimatrix of the same type. 
Now we give yet another example. 


Example 2.12: Let A and B be any two superbimatrices where 


01 
AnAUA=BItIU/ ES 


and 


0} 1 
B=B,UB,=[33/112]U , 
vacpinael| 
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Clearly A + B cannot be defined for A, and B, though are 
the supermatrices they enjoy different partitions. Similarly we 
see B, and A, are supermatrices yet on them are defined 
different partitions so addition of them cannot be defined. Thus 
we see unlike matrices of same order can be added; in case of 
supermatrices for addition to be compatible we need the 
matrices should be of same order and also they should have the 
same partition defined on them. 


Now we proceed on to define addition of superbimatrices. 


DEFINITION 2.7: Let A = A; UA2 and B = B,; UB, be any two 
superbimatrices. For their addition A + B to be defined we 
demand the following conditions to be satisfied. 


1. A; and B, should be supermatrices of same order and 
the partition on A; and B, must be the same or identical 
then alone A; + B, is defined. 


2. A> and B> should be supermatrices of the same order 
and the partitions on A, and B, must be identical then 
alone the sum of Az and B, can be defined. 


Thus when A = A; Az and B = B, UB; the sum of A and B is 
defined to be 
A+B 


(A; U/A)) a5 (B) UB») 
(A; + B)) U (A> + Bd). 


Thus only when all the above condition are satisfied we have 
the sum or addition of two superbimatrices to be defined and 
existing. 


Note: If A = A; U A; is a superbimatrix then we have 
At+A = (A; U Ad) + (Ay U Ad) 
= (A,+A,) U (A; + Ad) 
is always defined and 
APA = (A, + Ay) U (Ad + Ad) 
= 2A) U 2A>. 
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Thus A+...4 A =nA=nA, UnA,. 
_,_—_—_ 


n-—times 


Example 2.13: Let 


3.9 ET senor. 2 
A=|1/0}U/3 015 2 -1]/=A,UA) 
0|5 1 1/3 2 -5 


be a mixed rectangular superbimatrix. 


At+A -_ (A; U Aa) + (Ay U Ad) 
= (A; + Aj) U (A + Ad) 
32 a2 
= |l1/o/4+]1]o 
0|5 0|5 
11/3 0 2 1 £130" 2 
3: OS. Shas) S92 et 
1 1/3 2 -5 1 1/3 2 -5 
6| 4 22/60 4 
= 12/0 ]vl6 0/10 4 -2 
0 | 10 2 21/6 4 -10 
= 2A, U 2A). 
Thus8A = 8A,U8A) 
24 | 16 8 8/24 0 16 
= |8|0/U/24 0/40 16 -8 
0 | 40 8 8 | 24 16 —40 
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Now addition of mixed square superbimatrices, mixed 
column superbimatrices etc., can be defined in a similar way, 
provided they enjoy the same order and identical partition. 


Example 2.14: Let 


A= Ay U Ad 
0 
= 1 
1 
and 
1 —2 
= 0 3 
0 1 
be two mixed superbimatrices. 
A+B=(A; U Ad) + (By U By) 
= (Ay + B,) U (Ay + B,) 
3 | Sa ile 2 5 |3 -1 2 
0/0 5 -l 1 1 1 
= + U 
210 1 2 0/0 5 -!l 
0/1 0 1 -1|2 3 
3 1/0 0 5 0 1/1 1 2 
1 O}1 1 2/4+/]1 1/10 3 
3 0/1 1 0 2 0/1 0 1 
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3 2/1 1 3 
U}2 1/2 1 5). 
5 0/2 1 1 


Now we have to define the transpose of a superbimatrix A = 
Ay U Ad. 


DEFINITION 2.8: Let A = A; UA be any superbimatrix. The 
transpose of the superbimatrix A denoted by A’ is defined to be 
A’ = (4; U Ax" = A’UA). Clearly the transpose of a 
superbimatrix is again a superbimatrix. If A is a mixed 
rectangular superbimatrix then its transpose, A’ will also be a 
mixed rectangular superbimatrix. 


It has become pertinent to mention here that however a 
column superbimatrix transpose would be a row superbimatrix 
and a row superbimatrix transpose would be a column 
superbimatrix. 

Now we proceed onto illustrate them with examples. 


Example 2.15: Let A=A,U A. =[3011]/-15231J)U[101 
|5 20] 1 1 1 0 2] be a row superbimatrix. The transpose of A 
denoted by 


At= = ATUA). 


1 


KH wnun lier ow 
C 
Nw OrFF FIO N WIRE OF 
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Clearly A‘ is a column superbimatrix. 


Example 2.16: Let 


1 

3 D: 
‘| Pa 
1 0 
1 1 

B=B,UB),=|2/uU] 1 

2 3 
1 5 
1 1 
0 2 

. 6 


be a column superbimatrix. The transpose of B which is B' = [3 
111,22/11/0)U[1|2-1011|35126] = Bi UB). 
Clearly B' is a row superbimatrix. 


Example 2.17: Let C = C, U C; be any superbimatrix where 


is) 
ll 
nN Ww 
—) — © 


and 
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C is a mixed rectangular superbimatrix. 


Ch=(ChUG)'=ClUCG} 


Il 
Fe NY DO] WwW 
An oO reIlN DW 
— 
G 
Oo |] Ww 


C' is also a mixed rectangular superbimatrix. 


Example 2.18: Let D = D; U Dy» where D is a mixed square 
superbimatrix with 


and 


Now 


We see D’ is also a square mixed superbimatrix. 
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Now we are interested to know what to define or call the 
following type of bimatrices. 


Example 2.19: Let A= A; U Az where 


3 12 5 6 
Ai=|0 2 01 0 
1 15 3 -l 
and 
3/1 1 +0 
ve 1 e 1 
-l1}/-1 0 0O 
0 | 2 2 1 


where A, is just a 3 x 5 matrix and A; is a square supermatrix. 
Since A; is not a supermatrix we cannot define A to be a 
superbimatrix since A, is a supermatrix we cannot define A to 
be a bimatrix. 

So we define a new notion called semi superbimatrix in 
such cases. 


DEFINITION 2.9: Let A = A; UA? where A, is just a simple 
matrix and A> is a supermatrix then we define A = A; UA; to be 
a semi superbimatrix. 


Example 2.20: Let 


3 1 1 2 
A=A,;UA)= U 
05 1 0 


where A, is just a 2 x 4 matrix and A) is a square supermatrix, 
A is defined as the semi superbimatrix. 
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Example 2.21; Let A = A, U Az where A; = [3 23 | 1005] and 
A, =[1 1011 1]. We see A is a semi superbimatrix called as a 
row semi superbimatrix. 


Example 2.22: Let A = A; U A> where 


1 
0 
1 
hy |: 
2 
-1 
| 6 
and 
3 
Ay = ; : 
4 
5 


A is a semi superbimatrix which we define as a column semi 
superbimatrix. 


Example 2.23: Let A = A; U A» where 


3 2d 3-53 
Ay = 
100 -1 2 1 


and 


1 2 
Ao= 7 6 
1 0 


A is a mixed rectangular semi superbimatrix. 
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Example 2.24: Let A = A; U A> where 


3 12 0 
ee 101 0 
3 12 1 
5 01 1 
and 
3 11/2 
A,=/|0 0} 1 
1 0/1 


A is a mixed square semi superbimatrix. 


Example 2.25: Let A = A; U A» where 


Ay= 


AN WwW 
— 
a 

or eS oO 


and 


A is a mixed semi superbimatrix for A, is just a square matrix 
and A) is a super rectangular 7 x 3 matrix. Thus we can define 7 
types of semi superbimatrices viz. row semi superbimatrix, 
column semi superbimatrix, n x n square semi superbimatrix, m 
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x n rectangular semi superbimatrix, mixed square semi 
superbimatrix, mixed rectangular semi superbimatrix and mixed 
semi superbimatrix. 
Example 2.26: Let 

3 1 1 0 142 

A= U 
101 3. 4]5 
= Ay U A». 

A is a2 x 3 rectangular semi superbimatrix. 


Example 2.27: Let 


103 -l 
1041 1 
A= U 
105 2 
12 0 3 
=A, U A». 


A is a4 x 4 square semi superbimatrix. 


We see as in case of superbimatrices the transpose of a semi 
superbimatrix is also a semi superbimatrix. The transpose of a 
row semi superbimatrix is a column semi superbimatrix and the 
transpose of a column semi superbimatrix is a row semi 
superbimatrix. 


Example 2.28: Let 


A = A, U Ad 
= [3100035]U[1123|554|41 2] 


be a row semi superbimatrix. 
AP = (Aro Ay 
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1 


A] UA) = 


Anwnoododrw 
C 


NO SF BIB NO NW NY HH 


is a column semi superbimatrix. 


Example 2.29: Let A = A; U A» where 


Ay = and Ad = 


No Ree eB 


ANY DHW On BIW NY 


A’ = (A,UA))' = A) UA} 
[311102]U[123|4567]. 


A is clearly a column semi superbimatrix but A’ is a row semi 
superbimatrix. 


Example 2.30: Let A = A, U A, be a mixed square semi 
superbimatrix where 


A, = 


oF WwW 
fea, «1 Spam. SS 
Go _ 
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and 


A’=(Ai U As)’ = AP UAS 


Ts : . : : 
Clearly A’ is also a mixed square semi superbimatrix. 


Example 2.31: Let A = A; U A, be a mixed rectangular semi 
superbimatrix where 


A, = 


Se NN OW 
So FF NO FF RK eR 
wooed KF N 


3 Al 1 3 | 
Ao = a 


and 


2 1 6)/9 2 1 «1 


The transpose of A 
A’=(A, U Ay)’ = AT UAS 
where 
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PrN © 


Te ‘ Bi . : 
A’ is also a mixed rectangular semi superbimatrix. 


Example 2.32: Let A = A, U A, be a7 x 3 rectangular semi 
superbimatrix where 


101 

011 

1 0 0 

Ai=|0 0 1 

01 0 

Ee t a 

[5 7 8 

and 

[2 1 2 

a |e 

-1 1 0 

Ao=|1 1 Si. 

2 3. 5 

t) 23 

11 0 0 
1010015 
AT=ATUA}=/0 10011 7/U 
110101 8 
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is also a3 x 7 rectangular semi superbimatrix. 


As in case of superbimatrices the sum of two semi 
superbimatrices can be added i.e., A= A; U Az and B = B, U By 
can be added if and only if both A; and B, and same order 
matrices and A, and B, are same order supermatrices with same 
or identical partition on it. 


Example 2.33: Let A = A; U A» and B = B; U B, be any two 
semi superbimatrices. Here 


0 1 2 
A,=|3 4 5 
6 7 
and 
3 1/0 2 1 
A,=]|1 1/5 0 2 
-1 3/1 0 
and 
0 1 0 
Bj=|]1 1 1 
210 
and 


By 


A+B 


(A, U Ad) + (Bi U B,) 
(A; + B,) U (A; + Bz) 
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A+B is also a semi superbimatrix of the same type. 


Suppose we have 


0 1] 2 3 1 -1}1 0 
A=A,VUA.=|]0 1]/-1}U;4 2 0};1 0 -1 
1 1] 0 10 1/0 -1 2 


to be a mixed superbimatrix then we have always A + A is 
defined and is 2A. In fact A+ A+... + A, n-times in nA. We 
see 
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0 2] 4 6 2. 7. Bo 
=10 2/-2/U/8 4 0/2 0 -2]=2A,U 2A. 
2 2] 0 20 2/0 2 4 


Now nA = nA, U nA, for any n> 1. Also 


A-A = (A, U Ad) — (Ay U Ad) 
= (Ai—Aj) U (A2— Ad) 


0 0|0 00 0/0 0 0 
= |0 olo|ulO 0 0/0 0 O}, 
0 0/0 00 0/0 0 0 


Thus we get the difference of A — A to be a zero superbimatrix. 
Now if 


A=A,U A) 
1 2/)3 

3 210 5 23 1 
=10 1/0/}vU 

12 01-13 141 
1 Oj 1 


be a mixed semi superbimatrix. Then 


AtA = (A, U Ad) ae (Ay U Ad) 
a (A; ote Aj) U (A2 + Ad) 


3210 5 23 1), 
b,c: Awe, ae ed 
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1 
= Oo 
Co = 
— © 
Low 
Ww NY 
pe Ww 
= 

I 


2 4/6 
6 42 0 10 4 6 2 
= |0 2 
24 0 2 2 62 2 
2 0 
= 2A; U 2A) = 2A. 


Thus we see sum of a semi superbimatrix A with itself is 2A. 
On similar lines we can say if A is a semi superbimatrix then A 
+A+... +A, n-times is nA = nA, U nA». 

Having defined transpose and sum of semi superbimatrix 
whenever it is defined we proceed onto define some product of 
these superbimatrices and semi superbimatrices. 

As in case of supermatrices we in case of superbimatrices 
and semi superbimatrices first define the notion of the product 
of a superbimatrix with its transpose. We also for this need the 
simple definition of symmetric superbimatrices, symmetric semi 
superbimatrices, quasi symmetric superbimatrices and quasi 
symmetric semi superbimatrices. 


DEFINITION 2.10: Let A = A; U Az be a superbimatrix. We 
call A to be a symmetric superbimatrix if both A; and A> are 


symmetric supermatrices. 


Example 2.34: Let A = A; U A, be a superbimatrix where 


0 1 2);3 4 
12 Fe 2s 33 
Ai=|2 1 4]2 5 
3.2 2/3 1 
4 3 5/1 1 


and 
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since both A, and A, are symmetric supermatrices we see A = 
A, U Aj is asymmetric superbimatrix. 


DEFINITION 2.11: Let A = A; UA; be a superbimatrix, A is said 
to be quasi symmetric superbimatrix if and only if one of A; or 
A) is a symmetric supermatrix. 

The following result is obvious every symmetric superbimatrix 
is trivially a quasi symmetric superbimatrix. However a quasi 


symmetric superbimatrix is never a symmetric superbimatrix. 


Example 2.35: Let A = A, U Az where 


A, = 


nA ole NY WwW 


2 
1 
3 
2 
1 


NO ln WwW Re 


and 


be a superbimatrix. Clearly A; is a symmetric supermatrix 
where as A> is only a square supermatrix. Hence A is only a 
quasi symmetric superbimatrix. 


DEFINITION 2.12: Let A = A; UA be a semi superbimatrix. If 
both A; and A are symmetric matrices and A; or A> is a super 
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symmetric matrix then we all A to be a symmetric semi 
superbimatrix ‘or’ used in the mutually exclusive sense. 


Example 2.36: Let A= A; U Az where 


5 4|1 2 3 
Ae aed Se 4 
AST. 24 io 
0340 Ba 
13 4/2 1 2 
and 
0101 
‘gl ae U. 
0321 
i. ale At 5 


A is a symmetric semi superbimatrix as A, is a symmetric 
supermatrix and A) is a symmetric matrix. 


DEFINITION 2.13: Let A = A; UA be a semi superbimatrix. If 
only one of A; or Az is a symmetric matrix (or a symmetric 
supermatrix) then we call A to be a quasi symmetric semi 
superbimatrix. 


Example 2.37: Let A = A, U Az be a semi superbimatrix where 


Ay= 


no wre N 
YN De ne 
NF NF WwW 
- We HD © 
RrFNN MN 


and 
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3 1 2);5 6 7 

12 3/4 5 6 

2 3 4/5 6 1 
Ao = 

3 4 5/6 1 2 

4 5 6/1 2 3 

5 6 1/2 3 4 


is a quasi symmetric semi superbimatrix. 


Example 2.38: Let A = A, U Az where 


01 0 1 
123 4 
Ay = 
1 01 0 
432 1 
and 
Ad = 


A is a semi superbimatrix which is also a quasi symmetric semi 
superbimatrix. 

We show later the byproduct which we define on 
superbimatrices we get a class of symmetric bimatrices. 


We first illustrate the product of two superbimatrices. 


Example 2.39: Let A = A; U A, and B = B; U B, be any two 
superbimatrices. Here 
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2 0/3 0 1/44 
A,;=/]1 1/1 1 0} 1 
1 2;0 1 140 
and 
3 10/3 3 0 1 
Rie Sia As ee 
3 4 1;0 1 0 1 
12 2);4 2 5 6 
[O 1 
3 0 
1 0 
eee: 4 
2 0 
01 
and 
[1 0 3 
3 1 1 
5 1 2 
Bo=/1 1 O}. 
01 1 
1 0 0 
0 1 0 


A and B are row superbimatrix and column superbimatrix 
respectively. 


AB = [Ay U Ab] [B; U Bo] 
A,B, U A>B> 


where the product AB is defined as the minor product (refer 37- 
40 of chapter one). 
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= Ol|o - oO 
SOO nN 
Ge. se 
Pn) 


= as et UO 
om oN 
nN Oo WN 
no - Oo Ft 
oO mt WN 
=a YN TN 
Nor ON 


oO = O&O 
S| 
+ 
[>= 
= © 
om 
| 
eS al 
oa N 
N wa oo 
—————" 
—— 


2 
OO 
are | 
PS 
oO oOo Oo 
——s | 

+ 
Sa ee 
on oS 
Wn mom 
————S| 

+ 
nT | 
N a oo 
oOo mM } 
SSS 
a 
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6 1 10 3 7 3 oy 9 8 13 
24 6 19 2 2 0 26 8 19 
+ =|]5 3/uU ; 
20 5 15 0 2 1 a5 20 7 16 
17 4 9 9 12 2 26 16 11 


is a bimatrix and is clearly not a superbimatrix. Thus this sort of 
product leads only to a bimatrix. 


We give yet another example of the same type before we 
proceed onto define more complicated products. 


Example 2.40: Let A = A; U A: and B = B; U B, be any two 
superbimatrices where 


Fi 1 0 ale 0 a 1 
A, = 


1110/0 01/0 2 
and 
3 1/1 11 0421/1 
A,=/6 2/0 1 0 1 O71). 
10/0 0 1 1 140 
(3 10 1 
1 01 0 
-l1 101 
2 00 0 
B,=|0 01 1 
1 001 
0 01 0 
2 12 0 
Je NG? a. aT 
and 
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A is a row superbimatrix and B is a column superbimatrix. Now 


(A, U Ad) ‘ (Bi U B») 
Ay B, U A> B> 


A.B 


ae ae) 
0 2 


2 0 1 
0 0 1 


0 


6 10 3 
1 1 


1 


| 


1 
6 2)0 


0|0 0 
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or oO Ff 


-1 5/2 1 2 0 
0 211 0 1 
111041 
Jrfo 10 1 o 
001 1 41 
6 0 0 3 
+ 
i) 00 1 
3 1 5 
6 2}+}/2 3)4] 1 
1 0 1 3 
28 5 7 13 
5 2 4 4 


oor Oo 


or oO fF 


Se Be Se Oe 


We see the product of two superbimatrices is only a 
bimatrix. 


To this end we define two new notions. 

DEFINITION 2.14: Let A = A; U/A2 be a mixed rectangular m x 
n superbimatrix with m <n. If in both A; and A> partition is 
only between the columns i.e., only vertical partition then we 


call A to be a row superbivector. 


Example 2.41: Let A = A; U A>) be a mixed rectangular 
superbimatrix where 


3 01/2 1/3 3 2 1 
A:=/1 1.1/3 1/0 1 1 =~0 
2 11;/4 1/0 0 1 0 
and 


Ao = 


Ny OR WwW 
Se OF Re 
Oo On N 
BW NHN 
Ww NF © 
BW NHN 
eB NO OF 
Nn Oe 
wo NR Re 
KR Or CO 


We call A to be a row superbivector. It is clear the partition of 
the matrices are only by the vertical lines i.e., between the 
columns and no partition is carried out between the rows. 


DEFINITION 2.15: Let A = A; UA2 be a mixed rectangular m x 
n superbimatrix with m > n. If we have on both A; and A; only 
horizontal partitions then we call A to be a column 
superbivector. When we say horizontal partitions it takes place 
only between the rows. 


Example 2.42: Let A = A; U A: a rectangular superbimatrix, 
where 
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1041 1 
212 0 
010 1 

3 12 5 
Aij=|1 2 3 4 
5 6 7 8 

0 1 2 3 

1 10 5 

Ee ee, he al 

and 

‘1 1 0 

1 1 1 

0 1 2 

3 4 5 

6 7 8 
A,=|9 0 1 
01 1 

10 1 

1 1 0 

1 2 3 

4 5 6 


is a column superbivector. 
Now we proceed onto define the notion of product of these 
type of superbivectors. 


DEFINITION 2.16: Let A = A; U/Az a column superbivector and 
B= B, UB, be a row superbivector. Now how to define the 
product BA. BA is defined if the following conditions are 
Satisfied. 

IfA =A, UA? where 
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ss 
A, = : 
ale. 
and 
& 
Ap= : 
A 
and in B = B; U Bz we have B; = [3B | ne | B,, | and By = 
[ 8 | ak | B,, | then first 
B.A = (B, UB») (A, UA)) 


B, A, UB, Ao, 


BA, and B>A> is the super vector product defined only if the 
number of columns in each of Bi, I <i <m, is equal to the 


1. 2 

number of rows in each of A, ; 1 Sj Sm, and the number of 
columns in each of B?, 1<i <mz is equal to the number of rows 
. 2 F 

in each of A;, 1 <j <m. Now 


BA = B,A,; VUBz A; 
AL est 
= [BI [Ba] fp oe LB | 1B) 
a An 


= {Bi A, +..4B! A! \ U{ BA +..+B A’ \ 


my ~My mM, ~~ My 
CUD; 


we see C and D are not super vectors they are only just 
matrices. Thus C U D is only a_ bimatrix and not a 
superbimatrix. 
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We have illustrated this type of product in example 2.39 and 
2.40. The product defined using row superbivectors and column 
superbivectors results only in bivectors and this product will be 
known as the minor product of superbivectors. 

Now we proceed onto define the notion of major product of 
these superbivectors. Before we define them abstractly we give 
some examples of them. 


Example 2.43: Let A = A; U A» and B= B, U By be two 
superbivectors where A = A; U A> with 


2 


1 3 
0 1 
Ai=|3 0 1 
1 0 
5 1 


and 


Ao = —— 


i.e., A= A; U Ad is a column superbivector. Given B = B; U Bp 
where 


and 
2 13/1 1/5 13 1 
Bo = 
21/010 1 


is the row superbivector. The major byproduct 
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4/5 13 1 4 
1/1 3 0 1 
= |417 17 3/10 4/} vu 
fi 2, Ae Be AS 2 
|6]11 27 5|16 6 
[5 7 314 3/10 3 6 3 
6 9 3|3 3/15 3 9 3 
se. ee All | ae? ie ee) 
6 7 519 5/5 5 3 5 
9 11 7/12 71/10 7 6 7 
6 9 3|3 3/15 3 9 3 


= C U D where both C and D are superbimatrices and not 
superbivectors. 
We illustrate the same with one more example. 


Example 2.44: Let A = A; U A, and B = B, U B, be two 
superbivectors where A = A; U A: is a column superbivector 
and B = B; U Bz 1s arow superbivector with 


z 
1 


—= © 
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A, = 


nan ore ns 
— ete OS eS 


on ae <> 
tt ee > EE 


and 
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is a column superbivector. Now B = B, U Bo where 


101 1;0/5 1 2 
B,=|]2 1 01)1/0 1 1 
3 1 1 0/1);0 1 2 


and 


1 0;1 1 1214/1 121~«1 
Bo = 
11/0 01 1;0 10 1 


is the row superbivector. Now the major byproduct of AB is 
defined as AB = (Ay U Ad) (B, U B) = Ay By, U A> Bo 
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= C; UC). Thus the resultant of a column superbivector with a 
row superbivector is a superbimatrix. 


Now we proceed on to define the major byproduct of 
superbivectors. 


DEFINITION 2.17: Let A = A; U Az be a column superbivector 
and B = B; UB, be a row superbivector. The major byproduct 
of these two superbivectors is defined to be AB where AB = (A, 
U Ad) (B, UB») = Aj B, UA? B> is compatible if and only if the 
number of columns in A; must be equal to the number of rows in 
B, and the number of columns in A, must be equal to the 
number of rows in Bz respectively. Then the resultant bimatrix is 
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always a superbimatrix. Thus the major byproduct yields a 
superbimatrix which is neither a row superbivector nor a 
column superbivector. 


Now the immediate application of these major byproduct of 
superbivectors is the product of a superbivector with its 
transpose. The example 2.43 and 2.44 are illustrations of major 
byproduct of superbivectors. 

Now we proceed onto give an example of a superbivector 
with its transpose. 


Example 2.45: Let A = A; U A: be a column superbivector. Let 
A’ be its transpose. The byproduct AA" gives a superbimatrix 
which is neither a column superbivector nor a row 
superbivector. Given A = A, U A) where 


3 1 0 
-1 1 6 
0 1 1 
hes 2 1 0 
1 2 3 
1 0 1 
0 1 0 
eat. Ord 
and 
2 10 4 
1 1 6 0 
001 1 
A,=/1 0 1 1 
0 5 2 3 
1 10 1 
202 1 
Now 


A'=(A,U Ay)’ = AT UA). 
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1 $41 8 
7 ee 
2 ba A 
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7 5 42 4|~ 
1 202 
1 010 
1 202 
21 3/4 6 17 7/8 
3 38/6 7 17 2/14 
612 2 5 13 
6 53 6 9.5 
1717/5 5 38 817 
7 DT BUR 33 
id lar oe > eel 


= 8S; U S. = S we see both S,; and S,; are symmetric 
supermatrices thus AA’ = S is a symmetric superbimatrix. Thus 
this product of a column superbivector with its transpose 
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ATA =) (A, UA,)"(A,U Ad) 
= (A/U A}) (AU Ad) 
= AIAU AA 


Now A] A; U A} Ag yields a superbimatrix which is always 
symmetric. 


Example 2.46: Let A = A, U A, be a row superbivector. Now 
we find the product of A’ with A. Given A = A, U A, where 


be 23) 7. | de 52. 3. A 
Ai=|0 3/0;1 1 0 1 «0 


1 4/3;0 10 1 0 
and 
1 1 3 1/2 0 341 
2 0 6 t1)]1 0 141 
A> = 
3 1 1 0/3 1 2/0 
410 1)]5 2 1}]1 
Now 


A’=(Ai\UA))'= ATUA} 
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Ss; U So 
= AA=S,. 
This S is a symmetric superbimatrix. 


THEOREM 2.1: Let A = A; U Az be a column superbivector. 
Then AA' is a symmetric superbimatrix. 


Proof is left as an exercise for the reader. 


Hint: Let 
Av} | Ar 
A, AD 
AS oe | | oe 
Al AZ 


be the given column superbivector. Now 


A’ = (A,;UA,)' 


= JAS A, 
= [AA te Taye Lar far | [As] 
AAT = (A; U Az) (A; U Ad)" 
= (AU A)) (Aj UA3) 
= A,ALUA,A} 
Fa! 
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= |) far lar ar [lar] 
RS 
a" 
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SY] [AT LAP [AR = Laz] 
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Pata | AIAT [| alas 
ASAD AjAS : AjAG 

= : : =| 
RATT ACA [=| ALAS 
Pata | AzazT |. | ALA” 
AGA*T | ASAS | : ADA 
REAP REAR 


T 


We see (AIA'7) =A!A!™; i= 1,2, ...,m. Also (A?A27)' = 
AjAs", 1 <k, j < np. Thus we easily see the product AA" gives 
a symmetric superbimatrix. 


Now we proceed onto define the minor product of semi 
superbimatrix, to this end first we define semi superbivector. 


DEFINITION 2.18: Let A = A; U A> be any semi supermatrix. 
We say A is a semi superbivector if the supermatrix A, (or A) is 
just partitioned only vertically or horizontally ‘or’ in the 
mutually exclusive sense. The other matrix may be a square 
matrix or a rectangular matrix or a column vector or row 
vector. 


Example 2.47: Let A= A; U A2 where 


3.2105 1 
A, = 
120 5 6 3 


and 
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A is a semi superbimatrix, because A, happens to be a row 
super vector we call A to be a row semi superbimatrix. 


Note: Even if A, is not a rectangular matrix still we call A to be 
only a row semi superbimatrix. 


Example 2.48: Let B = B, U By where 


OF Tt 
gale od 
i a Oe 
Oe 
and 
315 6 
tO 24 
765 4 
Bl 2 1 of 
be 2 
0725 


then we call B to be a column semi superbimatrix though B, is 


just a 4 x 4 square matrix. 

Now we call these row semi superbimatrix and column semi 
superbimatrix as semi superbivectors, even if the non super 
component is a square matrix or a column vector or a row 


vector or a rectangular matrix. 
Now we illustrate the minor product of semi superbivector. 


Example 2.49: Let A = A; U A» and B = B; U B; be two semi 
superbimatrices; where 


3 01 2 
Ai=/1 1 0 1 
5 0 1 3 
and 
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3 1 2);5 3 1 4743 
A,=/1 0 1/1 0 1 141). 
0 1 0/2 1 0 042 


A is the row semi superbivector and B = B,; VU Bp with 


3 1 
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|2 0 
and 
Pe of 
3 0 
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Barly 4 
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be the column semi superbivector. Now 


AB as (Ay U Ad) (B, U B,) 
7 Ay B,U Ad B 


be the minor product of semi superbivectors. 
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be a semi superbivector and B = B, U Bp with 


0 

1 

2 

B, =] 3 

0 

1 

[5 

and 

0 5 1 2 
1 2 0 2 
1 0 1 0 
0 1 0 41 
Bo=/1 1 1 =1 
0 -l O -l 
1 0 1 0 
-l1 1 -1 1 
0 1 1 +0 


be a column semi superbivector. Now 
AB= (A\VA2) (B\UB2) 
Ay AvU B; B» 


= [1230156] 
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Clearly AB is only a usual bimatrix and is not a semi 
superbimatrix. Thus we see the minor product yields only a 
bimatrix, the semi super quality is lost by this product. 

Now we proceed on to define the minor product of semi 
superbivectors. 


DEFINITION 2.19: Let A = A; UA, and B = B; UB; be two semi 
superbivectors. The minor product of AB is defined if and only if 
in the product AB = (A; U A) (B, U B,) = A,B, U AB, the 
usual matrix product A,B, of the A; and B, is defined i.e., if A; is 
am xn matrix then B; must be an x t matrix and A,B, is 
defined only if Az is a row super vector say 
A,= | A? | A || | 
and Bis a column super vector such that if 
B 
Be 
B> = ae 


2 
B. 


then each of the product of matrices A? B? is defined for i =1, 2, 
..., Nz and all of them are of same order, i.e., 


A2Br= | At | 4; |---| 4, ] || = A’Bh + 4B +--+ Ay By, 
since each A?B? is only a ordinary simple matrix and not a 


is 
G 2 p2 . . ¥ 
supermatrix we see A2B) = > A,B; is just a single m2 x nz 
i=l 


matrix. This us see AB = A,B; UA2B> is only a bimatrix. 
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Now we just define major product of semi superbivectors. 
We first illustrate it by examples before we go for the abstract 
definition. 


Example 2.51: Let A = A, U A, and B = B; U Bz be two semi 
superbivectors where A = A; U A> with 


3 105 72 1 £0 
Ai=|0 1 0 3 1 6 
-l 11004101 
and 
3 10 1 
1 1 1 0 
1 10 1 
212 0 
Ao=|1 0 1 0 
123 1 
1 110 
01 1 £0 
100 1 


be a column semi superbivector and B = B, U Bp with 
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B, be the row superbivector so that B is a row semi 


superbivector. Now AB the major product of the two semi 


superbivectors is defined as follows 


(Ay UA) (B, U B,) 
Ay B, UA, B, 
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5|9 4}]13 11 2}3 4 4 5 
2};6 2)7 7 14;2 2 2 2 
5/5 3}5 6 3}1 2 3 4 
4/9 4]13 13 1])/4 3 4 3 
2}/3 2)/6 6 0j;2 1 2 1 
6/11 4})12 14 3/4 3 5 4 
2) Oo 2.) 7 7 DV We 2 2 2 
1}4 1);3 4 1)]1 1 1 ~=1 
32 24 AC DY TT 2 2 


Clearly the major product yield a semi superbimatrix which 
is not a row or column semi superbivector. 

Now we give yet another example before we proceed to 
give the abstract definition. 


Example 2.52: Let A = A; U Az and B = B, U B; be any two 
semi superbivectors given by 


[2 3 1 
1 2 0 
Ly ao 
3 1 °5 
12045 5 17 
er Oe TO ae ate 0. 
120410 011 
31001 101 
010 
1 0 0 
00 1 
12, - 


A be the column semi superbivector. 
B=B,U B 
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be the row semi superbivector. AB = (A; U A)) (B; U B2) 


A\B, U AB where we define the major product of the semi 


superbivectors. AB 


A,B, U A>B> 


0 2 4 
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is a semi superbimatrix. 


This major product converts product of semi superbivectors in 
to semi superbimatrix where as minor product makes the 
product of semi superbivectors into just a bimatrix. 


DEFINITION 2.20: Let A = A; U-A2 and B = B; UB; be two semi 
superbivectors. The major product of the two semi 
superbivectors A and B is AB, is defined as AB = (A; UA) (B; 
UB) = A,B, VA2B; if 


1. A,B; must be compatible with respect to usual matrix 
product that is if A;is amxn matrix then B; must be an 
x t matrix. 


2. A2B, is defined only if A is a super column vector and 
Bz is a super row vector such that the number of 
columns in A, must be equal to the number of rows in 
Bp. 


Now we find the product of A with A‘ or A’ with A which ever 
is compatible where A is a semi superbivector. 


Example 2.53: Let A = A, U Az be a semi superbivector given 
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we see A'A is a symmetric semi superbimatrix. This product 
helps one to construct any number of symmetric semi 
superbimatrices. 


Example 2.54: Let A = AjUA, be column semi superbivector. 
Then we can find AA". Given 
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to be a column semi superbivector. 
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AA’ is a symmetric semi superbimatrix. Thus this major 
product when A is multiplied by its transpose where A is only 
semi bivector yields a symmetric semi superbimatrix which is 
not a bivector. 

Like in case of superbimatrices we can easily prove the 
following theorem. 


THEOREM 2.2: (J) Let A = A; U Az be a column semi 
superbivector then AA’ is a symmetric semi superbimatrix. 

(2) If A = A; U Ap is a row semi superbivector then A'A is a 
symmetric semi superbimatrix. 


The examples 2.53 and 2.54 substantiate the above theorem. 
Now we proceed onto define the product of superbimatrices 
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which are not superbivectors and semi superbimatrices which 


are not semi superbivectors. 


= B, U B, be any two 


Ay U Ay and B 
superbimatrices we define the byproduct AB of A and B. Given 


Example 2.55: Let A 
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Clearly the resultant under the minor product of two 
superbimatrices is a superbimatrix. 

Thus we see the minor product of two superbimatrices 
results in a superbimatrix. We have observed from the example 
2.55 that only for the product AB to be compatible we need the 
number of columns in A must equal number of rows of B but 
also the way the columns of A are partitioned must be identical 
with the way the rows of B are partitioned. 

Then alone we have the product to be defined. We give yet 
another example of a minor product of two superbimatrices 
before we proceed on to define them. 


Example 2.56: Let A = A; U A, and B = B; U B, be any two 
superbimatrices. We will find the minor product AB. 


153 


A, U A> where 


Given A 


0 


4 


1 


0 3);5 4 


2|3 


0 


0/0 


0 


2 
20 2 


0/0 0 


and 


111 £0 
0/0 10 1 


3 
1 


0 3/2 1 


0 2 


5 2/0 1 


1 


1 


1 


0 0 6;2 


B, UB, with 


B= 


B, = 


and 


154 


0 6}2 0 5 


(A; U Az) (B; U Bz) 
Ay By U A> Bo 


1 


[0 


0 3/5 4 


4 
155 


0/0 


0 


0/;0 0 


1 
1 
0 
1 


1 
1 
1 
0 


0 
1 
0 
1 
1 
0 2 


1 

0 3}2 1 
1 

5 2}|0 1 


[ 3 
1 
2 


156 


— — =— — 

— — — — 

v2 2, sol oa 
4 oO aN 
(a = 28 = aber 

(—>> r— <>. 

= ON aN 

— SF me aF 
4 oO aN 
m= NY 


| 


te ONI[r E©/[Sae 
SN Se TIN DIM NAN T+ 
co TM Mm wOlo m|2 Oo A 
ata ain alt + + 
FN ANIN AaIN an AN 
NNN COmMmMmaAIN TOM 


157 


18 10};4 3 4 


| 7 


3 }3 0 3 


11 28 16/6 5 6 


0|;0 0 0 


11 


14 5 


| 


5.2 5 


20 10 29;23 9 22 


0 12|)4 2 6 
10 


8 


0 
16 


158 


9 22 19/14 5 Il 
26 22 36)37 12 38 
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= S, US. = AB is once again a superbimatrix. 


DEFINITION 2.21: Let A = A; U Az and B = B,; UB; be two 
superbimatrices. The minor byproduct of the two 
superbimatrices AB = (A; U Ad) (B, U B)) = Aj B, U Ap B> is 
defined if and only if the following conditions are satisfied. 


1. The number of columns in A; is equal to the number of 
rows in B;; i = I, 2. 


2. The partition of A; along the columns is equal or 
identical with the partition of B; along the rows i = 1, 2. 


We see the minor byproduct of AB when it exists for the 
superbimatrices A and B is again a superbimatrix. The examples 
2.55 and 2.56 show explicitly how this minor byproduct of any 
two superbimatrices are defined resulting in a superbimatrix. 
Now we proceed onto first illustrate by examples how the 
product of the transpose of a superbimatrix with a superbimatrix 
is defined. 


Example 2.57: Let A= A; U A, be a superbimatrix where 
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We see the resultant is a symmetric superbimatrix. We see 
by the minor byproduct of superbimatrices with their respective 
transposes we can get more and more symmetric 
superbimatrices. 


Example 2.58: Let A = A; U A, be a superbimatrix where 


Be 3 
1/0 0O|1 
A,=|2]1 0|2 
5° Wallet 
0/3 00 
and 
(8 1/3 1]0 
0 O/]1 215 
1 0/0 11/0 
Aj = é 
pa (eae ML. 
5 1/0 0]3 
[6 O|1 1]|0 
A’=(AiU Az)’ =(A]U AZ) 
8/0 1 2|5 6 
3 1/2 5/0 
1/0 0 1/1 0 
1 0/1 2/3 
= Ul3/1 0 2/0 1 
1 0/0 1/0 
1\/2. 1 2)0-4 
3 1/2 1/0 
01/5 0 2/3 0 
AA = (A,;UA))(A;U A)! 
= (A,UA)(A/U Aj) 
= A, A] UA, A} 
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148]0 6 12/30 36] [4/3 1 3]0 2 
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0/25 0 10]15 0 
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0/10 0 4|6 O 
0/15 0 6]9 0 
|0 | 0 0/0 0 
[20 6113 21]3 
6 2/4 6]|0 
=/13 4/9 14]/3]}uU 
21 6/14 31/6 
3 0/3 61|9 


We see the resultant is symmetric superbimatrix. 
DEFINITION 2.22: Let A = A; UA and B = B; UB: be any two 


semi superbimatrices. The minor byproduct AB = (A; U/A2) (B; 
UB») =A, B, VA? B> is defined if and only if 
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1. Number of rows of B; is equal to number of columns in A; 
(A; and B, are usual matrices). 


2. Number of rows of the super matrix Az equal to the 
number of columns of Bz and the vertical partition of Az 
and the horizontal partition of Bz are identical; i.e., if in 
A) there is a partition between r and (r + 1)" column then 
in By we have a partition between r and (r + 1)" row this 
is true of any r; 1 < r < number of columns in Az = 
number of rows in B2. 


Now we illustrate this by the following examples. 


Example 2.59: Let A = A, U A, and B = B; U B; be any two 
semi superbimatrices. Here 


A=A,U A; 
Oo Oh 3 a 
020121 
Te Ds Ay OO: A 
2101410 : 
O02? Ded 
= 9 
(oe ae i ae 
[0 0 11 2 2 O22. |B al 
1-0) sl! 20 ah 011/01 
21010 10 0/1 0 
BO a ie ege a he hOed ke AP 
01102 10 1/0 0 
101410 10 1/1 0 
7 OTN. A 
AB = (A, U A) (Bi U B) 
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is a semi superbimatrix which is not symmetric. 


Example 2.60: Let A = A; U A, and B = B; U B, be any two 
semi superbimatrices. We find their minor product. 


Here 
A=A,UA) 
13 1/4 5 
01/0 1 
_ 1 0/1 0 
03 1 2 —_}+—. 
1 0/0 1 
102 0 
0 1/1 0 
=/0 1 1 1/u 
1 1/1 0 
1 01 0 
1 0O/}1 1 
2 10 1 
= 0 1j1 1 
1 1/0 1 
1 1/0 0 
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are the given semi superbimatrices. 
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We see the resultant is also a semi superbimatrix. Thus the 
minor product of two (compatible under product) semi 
superbimatrices is a semi superbimatrix. 


Example 2.61: Let A = A; U A> and B = B,; U B, be any two 
semi superbimatrices. We find the product AB. Here 


A=A,UA) 
O01 2};1 2}1 021 1) | 
02 1 5 6 
10172 1/0 1 0 1 
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2 1 0;0 141 00 1 
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4 140 1 
2 3 171 0};1 00 1 
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1 02;1 14/0 1 041) | 


and B = B, U Bp where 
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Clearly AB is again a semi superbimatrix. Thus the minor 
product of semi superbimatrices yields a semi superbimatrix. 


Now we proceed on to find the minor product of a semi 
superbimatrix with its transpose. 


Example 2.62: Let A = A, U Az be a semi superbimatrix where 


179 


2 0 0 


and 


0 6 0 


2 


02 2 2 


2 0 0 


6 


2) 


(A,U A.) =(ATUA 


A'= 


and 


(A; U Az) (A; U Aj) 


(Ay U Ad) (A; we) A)" 


180 


5 


0 2 0 


0/3 2 0 


0 


0 


0 6 


2 


0 3/0 


0 2 2)2 


6 


1445 42 8 3 
3 1 1 
ko2 2 2 


2 oan She 22 


1 


2 


3 


8 8 2 7 31 


2 3,2 


aN On aN 
fa. N a. 
oO oO 
N N 
a) ee 
SY Soe 
a. Sra. 
Co a BIN A CO 


181 


re ae 
NOTIN OC TIN co a 
lon, eS —™" 

a COIN ON OC + 

DM Oa IlLOon=~-« So 

= ON] CO N 

oN | J 
SS Oo eS SS Oe eS 
= ON! OMNIA OM 
fo NN —~ 

=a Fe DOIN N SO = 

DMO ALON a oS 

= ON Oo N 

| en eo Ea eS 

Na eoINn FA OIQuso 
SCO TF I1O DU AF J]lo~w «a 
= Nn FIA YN aI KH S& 
(oa 4 ve ——~ 

a Or OTN N CO — 

DM Oa IlLOon~« (an) 

=a ON IRe ChUcOOl N 


lam = _~ 
S = S 
ne NN ee NY OS 
= OW ION BH ]O 
~— 
fl —_ = 
N N N 
So So 
— — J 
| a. \/ a ET Con 
-— Oo oN A | O 
~—" 
<a — = 
fo) So oO 
= ray =, 
Roo ee ON ee | 
—= OF ILOnNn xn |/oO 
~—" 
L ] 
+ 


+ 
eo 2 alo nr RIS 
mSolnnun GIS 
= OM BIN N YI 
= tt NIN mM w/o 
Oe BIN BO] 
Nw a[t+ nm S/2 
a= N Ole Ba Mle 


145 42 8 3 
1 


1 


4 


3 


8 8 2 7 31 


182 


LO SE Tae IGS 10 1/0 2 1|0 
31 37 6/3 14 6]1 00 0/0 0 0}0 
7 6 5 2 3/4 10 1/0 2 1/0 
4 3 2/10 6 1/5/+/0 0 0/0 0 0|0 
12) 14s 9) 6° BD 2 2 0 2/0 4 2/0 
6-. 6-344" 2 Bie 10 1/0 2 11/0 
Bo AN Asie Ds. 225 00 0/0 0 0}0 
e [29 33 8/5 15 12| 9 
ee ees 33 42 717 17 164) 14 
eee ae a a | Seale alle 
ae eee Se eed) 7 4l15 9 61/13 
il Cie a 15 17 519 14 9 
Bee pn ae 12 16 4/6 9 28) 32 
Be a thi dan Se oe 9 14 5/13 9 32] 42 


We see AA’ is a symmetric semi superbimatrix. We give yet 
another example. 


Example 2.63: Let A = A, U A, be a semi superbimatrix where 


0 1/2 3)4 1 
2 3/4 1/40 O 
3 4/1 0};1 O 
oe 4 1)0 1)0 3 
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Thus we see the resultant of the minor product of A‘A is a 
symmetric semi superbimatrix. Now we find 
AAT (A, U Ay) (A, U Ad)! 
(Ai U Ad) (Ay VA} ) 


A, Al UALAS 
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2 3/4 


\ 


29 7 8 26 7 


7 


8 
26 8 


3 4 8 3 
4 9 


12 4 
12 40 8 


3 


187 


Ei soo ee eee oe 


>. 
Sol 
Sl 


Oo 
Oo 


Co — 
es 


[iinnt = gtce ee as ae Ter 


nA Oo 7 Oo] Oo Oo 


arenes | 
Sl 


So 
= Oo 


Ld 


(=~. eee wth 


Tor Oo Non oO 
OSS el Se ee a eae Ll IL ! 
L ] 
| a. aS 
t \ 7 \ nN + nN + 
4 CO 4 © 
on oOo” — om om 
a) a) 
“4 Oo x © 
o Oo o Oo 
sr oc bs SE ol 
roa ro 
NO NO N / \ / 
es eS | 


7 
Ras =. omen. eed 
Norm OF nm Ol Co OS 


SS Oy rt 


Woe ee 


(cee EE oo oes 
L 


= nN Ye nN VIS RN 
OS Qi. SR eS Sete eS 
= OHNO tT He Ola CO em 
GN MN TT BIO RM 
au S oe +fe + 
+2 GS m[tane 
nN CO - 
CO ae a QL 69s CE tay 
Son OO OS SE | 


29 7 8 26 7 


12 40 8 


26 8 
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13> 00 223. Drs 
i Ay 4 2D 40 4.4 
2 4101/01 1 
3 1 0 1 0/1 0 OF, 
24 101/011 
3 1 01 0/1 00 
2 4101/01 1 
ade oh Te OE SOs. ah 
117 0 4 3 16)/0 4 1 
000 0 0/0 00 
010 3/0 1 0 
00 9 12/3 0 3 
16 0 3 12 25/4 3 4 
00 3 4/1 01 
010 3/0 1 0 
[1 00 3 4]1 01 
31-14. 10> FAS 4 1-4 
‘ 14 30 22 12 614 6 9 
29 7 8 267 
10 22 27 16 45 8 
7 3 8 3 
7 12 16 27 16/5 4 8 
=e eee Se a See | 
18 6 7 16 27/4 5 6 
26 8 12 40 8 
4 4 4 5 3 0 2 
7 3.4. 83 
° 6: 6° 3-4 03 2 
AQ... 2 8 Ot oe. oA 


is a Symmetric semi superbimatrices. Clearly from this example 
2.63 we see AA’ # A'A, but both of them are symmetric super 
semi bimatrices. 
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THEOREM 2.3: Let A = A; UA; be a semi superbimatrix. A" be 
the transpose of A. Then AA" and A'‘A are in general two 
distinct symmetric superbimatrices. 


The proof is left as an exercise to the reader; however we give a 
small hint for the interested reader to work out for the proof of 
the theorem. 


Hint: Let A = A, U Az be a semi superbimatrix where A; is am 
x n simple matrix and A, is as x t super matrix. 


A'= (A, VUA,)' 


: T ; : T .; : 
is such as A, is an x m matrix and A, is at x s supermatrix 


AA'=B, UBpisa symmetric semi superbimatrix such that B; 
is am X m symmetric simple matrix and B, is as x s symmetric 
supermatrix. Thus AA' = B, U B, is a symmetric semi 
superbimatrix. 

On the other hand we see A’A = C; U Cy where C, is an x 
n symmetric simple matrix and C, is a t x t symmetric 
supermatrix. Thus A‘A is also a symmetric superbimatrix. 

Clearly AA’ ¥ A‘A in general. 

If both A; and A, in A = A, U A, are square matrices we 
want to find out what is AA’ and A‘A in case of semi 
superbimatrices. To this end we first given an example before 
we proceed to find the general rule. 


Example 2.64: Let A = A; U A, be a mixed square semi 
superbimatrix where 


A, = 


PN OF WwW 
lca > ER SED I 


0 
1 
0 
1 
0 


Se sem? SE ~  Se) — 
—-_@ OO eS CS 


and 
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2 3 4/5 


1 


2}3 4 5]0 


0 


1 


) 


UA 


T 
1 


We find A‘ = (A, U Ap)’ =(A 


4 50 


San 
<a 

ee 
is 3 
ae 
ee 
Ls < 


AA‘ 
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1 


0 


1 


1 


0 


0 


11 4 


7 4 0 6 2 
AW 2. 2 2° 3 
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7 40 6 2 


0 
0 
0 


1 
1 
1 


1 
1 
1 


0 0/0 0 0 0 
1 
1 
1 

0 0/0 0 0 0 


25 0;5 5 5 0 
0 
0 
0 


5 
5 
5 


55 40/10 10 10 8 


nh oon NE oon EE @ | 


29 38/3 4 5 7 
38 50/;4 5 7 9 
1 
0 
1 
1 


11 
3 
a 
1 
3 


7 40 6 2 
4 22 2 3 


[11 
4 
1 
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We see the minor product yields a symmetric semi 
superbimatrix. Further we see AA' # A‘A. The partition of the 
supermatrix component in A‘A is different from AA’. It is left 
as an exercise for the reader to find A‘A. 
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Chapter Three 


SUPER TRIMATRICES AND THEIR 
GENERALIZATIONS 


In this chapter we introduce the notion of super trimatrices and 
give here some of their properties and operations on them. 


DEFINITION 3.1: T = T; UT UT; is defined to be a super 
trimatrix if each of the T; is a supermatrix for i = 1, 2, 3. We 
demand either each T; must be a distinct matrix or each T; must 
have a distinct partition defined on it, T; #T, ifi #7, 1 Si, j $3. 


Example 3.1: Let T=T; U T2 U T3 where 
T,=(03/11234)|01 3), 
T,=(15|513|3201 3) 

and 

T3=(111111/0010]11111); 


clearly T is a super trimatrix. 


Example 3.2: Let D =D, U D2 U D3 where 
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D, = , D, = and D3 = 


Oo oN BIW N 


NU WOW KF| OF KF CO KS WD 


D is a super trimatrix. 


Example 3.3: Let T=T, U Tz U T3 where 


3 142 
Ti=/1 O} 1], 
5. 1)3 


1011 
r-|Lo 1 2 
0101 
2102 

and 
[0 5|9 7 6 
16/8 15 
T3=|2 7/6 2 4); 
a ear GD 
4914 01 


T is a super trimatrix. 


Example 3.4: Let U =U; U U2 U U; where 
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Oo ADIN DB NW BIW NO 


3 4 5 3)2 


7 6 2 


U,= 


and 


U is a super trimatrix. 


=V,UV2U V3 where 


Example 3.5: Let V 


V is a super trimatrix. 
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We have seen 5 examples of super trimatrices. 


DEFINITION 3.2: Let T = T; UT) UT; be a super trimatrix we 
call T to be a row super trimatrix if each of the T; is a row 
supermatrix, for i = 1, 2, 3. 


The super trimatrix given in example 3.1 is a row super 
trimatrix. 


DEFINITION 3.3: Let D = D; UD; UD; where D is a super 
trimatrix. If each of the D; is a column supermatrix, i = 1, 2, 3 
then we call D to be column super trimatrix. 


The super trimatrix given in example 3.2 is a column super 
trimatrix. 


DEFINITION 3.4: Let V = V; UV2 UV; be a super trimatrix. If 
each V; is a square supermatrix having a different order then V 
is a mixed square super trimatrix. 


The super trimatrix given in example 3.3 is a mixed square 
super trimatrix. 


Note: If in a super trimatrix T = T, U T2 U T3 if each of the 
supermatrix is an m x m square supermatrix then we call T to be 


an m x m square super trimatrix. 


Example 3.6: Let S =S,; U S. U 8; be a super trimatrix where 


5|0]1 2 3 
O}1;2 3 5 
s=|1/2]/3 5 0], 
2/3/50 1 
3/5/0 1 2 
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and 


9 R)F 16.5 
4°3)|2 1 O 

S,=|0 1/2 3 4]. 
5 617 8 9 
9 7/5 3 1 


Clearly S is a square super trimatrix. This is not a mixed 
square supermatrix. 


It is in fact clear that S is a 5 x 5 square super trimatrix. 
DEFINITION 3.5: Let M,; U M, U M; be a super trimatrix. If 
each M; is a rectangular supermatrix having a different order 
for i = 1, 2, 3 then we call M to be a mixed rectangular super 
trimatrix. 


The example given in 3.4 is a mixed rectangular super trimatrix. 


Example 3.7: Let T = T; U T2 U T3 be a rectangular super 
trimatrix where 


a is ee 

1102 0 
Te 

01131 

0001 
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13 6 9/6 3 5 

04 7 815 2 7 
T= 

25 8 714 1 8 

12 0 0}1 3 9 

and 

04/0 1 1 0 0 

1 5 00 0 0 
T, = 

2 6/0 1041 1 

3 1 0 11 +0 


T is a4 x 7 rectangular super trimatrix which is not a mixed 
rectangular super trimatrix. 


Example 3.8: Let N= N, U Nz UN; be a super trimatrix where 


Wo eS NO eS 
mS We NN 


Nn BW N 
NH nn BP WN 


- Oo rF|l or ao lr WN 
Re Ee RO OF Oo] Oo OW 
lee TR SO a 

Z, 

Nv 

Il 


or oO Fr 
OS a 


and 
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Ann BD! O DO FIN F*|1O 
aA NY BB Al CO RF RIL W NIK 
Re WY NIN © AI BR WI] WN 
Br WY NIN NY CO] OD HB] Ww 
Wonn BID A NIK OLS 


We see each Nj is partitioned only horizontally and never 
vertically i.e., each N; is partitioned only along the rows for i = 
1.253: 


Example 3.9: Let C = C, U C, U C; be a super trimatrix; where 


LS 2: Ay OS =. 3 
CSL De 2B 2 a 
3) ANS Tae WT oO 2 
PO Gi Bele A! She ae 
[ee We 2B oF he SES 
C,=|3/9 3/1 18 9 8 |9 
5/6 2/5 9 14 018 
0). 7-54) 3832 ice eb 4 


and 


[2 13 4/0 9 3/8 1 2 
sa) ae abe ees (ae safe Ge: ec 


Each C; is partitioned only vertically and never horizontally for i 


=1,:2, 3: 
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DEFINITION 3.6: Let T = T; UT, UT; be a super trimatrix. Of 
each T, is only partitioned horizontally i.e., only along the rows 
or in between the rows, then we call T to be a column super 
trivector. 


The super trimatrix given in example 3.8 is a column super 
trivector. 


DEFINITION 3.7: Let T = T; UT) UT; be a super trimatrix. If 
each of T; is only partitioned vertically i.e., only along the 
columns or in between the columns, then we call T to be a row 
super trivector. 


The super trimatrix C given in example 3.9 is a row super 
trivector. 


Now having defined several types of super trimatrices we 
define operations on them. It is important to mention here that 
even it is very difficult to define addition of super trimatrices for 
if we need to define addition we need not only have the order to 
be the same but also the partition defined on them must be 
identical otherwise we cannot even define simple addition of 
super trimatrices. 


Example 3.10: Let 
T= T; U To U T3 


3) 0 

- 3h hi 26 4B 

1 3 01 3 5 
011 1 

2 1201 1 

= 1 1 1 0 

=|3/U UJO 1 0 1 0 

101 1 

0 5 01 0 1 
1 1 1 40 

5 12 3 4°55 

6 0 101; © 


be a super trimatrix and 
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S=S,;US.U 83 


4) | 

0 UN AEN ite ile op ae ad 
1 Lh 8 Ot. BO 
cle tere: Sh ca eats ho 8 
) base (cee 
3 eae 3 00 3 0 
cp pena Heal] 


another super trimatrix. We see in both T and S each T; and §; 
are supermatrices of same order with identical partitions defined 
on them 1 <i < 3. Thus addition of S and T or T and S is 
defined 


T+S = (T; UT, U T3) + (S; U S2 + 83) 
(T; fF Si) U (T2 ay So) U (T3 + S3) 


[3] [4 _ : 
— S 3 12 4 0 1 1 2 
1 0 
0111 1 11 3 
2 1 
= — 1 1 1 0 2 03 1 
= 3/+)2]7 VY + U 
1041 1 1 1 5 0 
0 2 
1 11 £0 120 1 
5 3 
010 1 3 4 1 1 
[6| [1 = = 
P3002 Di 3 Sr Oe EB 34 
12011 012 0 1 
0101 0;}/+/2 1°02 «1 
5 010 1 12 1 2. 2 
fe 23 AS ES PO 0S = -0 
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Oh od 
= 323 6] | 
1 313 69 
022 4 
3 Lb 3: 2y “tO 
= 3141 
oad ae 1S Nie sae oa | es a | 
2161 
2 622 2 3 
pe a | 
8 Vile: ne Paka 
7 ae en hee 


T +S also happens to be the same type of super trimatrix. 
Note: If T= T; U T2 UT; is a super trimatrix then 
T+T = (T); UT, UT3) + (T) U T2 UT3) 

= (T, ats T)) U (T2 Hs T) Ly (T3 i T3) 

= 2T, U 2T> U 2T3 

= 2T 


is a super trimatrix. Thus if we take T+ T +... + T(n times) = 
nT =nT,U nT n7T3. 


Example 3.11: Let 


4 
II 
4 
C 
< 
C 
is 


a1 11311 10414101 
oN 0 12/4 2112 0 0 
=e U 1 2 310 U/3 1 3 0 0 0 
a|1 > 0 11 4041 0 0 
[SO 5: 1 ae 0 
be a super trimatrix. 
T+T = (T; UT, UT 3) +(T) U T2 UT3) 


7 (T, = Ti) U (T> oe T) U (T3 at T3) 
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2T, U 2T> U 273. 


It is easily verified 5T,; UST, U 5T3 


5 


0 


15 0 0 0 


1S 5 


20 0 20 5 0 0 


25 10 25 5 5 0 


Now we can define product of two super trimatrices in many 


ways. 


Example 3.12: Let 


T, UT, UT3 


T= 
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Ww NY Re WwW 
—-_- O_o 
C 


nN 
oO 


be a super trimatrix and 


V=V,U V2 UV3 


LR Boe LAT, 
Oo 13s QE OA 


be another super trimatrix. Now the product 


TV = (Ty To UT3) (VU V> UV3) 
TVW T2V2U T3V3 
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Go _- — 
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it 

STS: is TM Ie 20s 20 

ee ae ee |e 

(i tO TNE Ss 2 

Los tara 
3-4 OCAy 8 r1 39 
i ae ae ae) a ay lh a 
2448 14 Tie 1 0 3 
“lo 4.9 17 23/7/2212 o|-|9 9 5] 
550 5 0 alae 10 11 8 
l6 6 0 6 0 On. 3n of 


Thus we are able to define a product but in all cases we may not 
be in a position to define a product of super trimatrices, which is 
a column super trimatrix. 


Example 3.13: Let A= AyU A> VA; be a super trimatrix where 
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> 
Il 
eos 
RW OF 


Oo WwW WN 
—- SS 


= 
Nn 


and 


> 

Il 
OPN FIR OHIO N 
NO Oo FIR FP Of 
Foo OfF OF] eR w 
ON RF SIRE Fe oOlo A 


which is a column super trivector. Let B = B; U By U B; be a 
row super trivector where 


and 
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0;2 0 


(Ay U A> U A;) (Bi UB U B;) 
A,B, U A>B> U A3B3 
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N 

oO TWN 
a ee 
ON alo CO DR 1O Oo oO 
a F/O RMR AIR OO N 


N Cla CO VIA NT Oo ; 
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coon oyoon o;yoonn © 


“—s= On we Jmaon ala ON 


fs ee fi J 
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= = on G4 -—= COON 
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Sn ON En >) 

—= On VB Je Oe ae fn On es = 
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fo ey Le = UA N 
+o on a re N OC 
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N Oo —4 oO 4 a? a) N 
a 

SS fa) 


CDe AN Se ITO TPF N BT O RD NAN 


+r oO on on 
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— 4 Oa on wa 
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12 12 3)]9 
2 
10 3)7 
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1 3] 6 


4 


12 6 3 3 


11 8/11 4 9)9 13 12 3 
3. 2;1 2 1);1 1 2 «1 
2 3/1 1 2);2 2 3 «1 
2 0/2 2 1/2 2 1 «=O 
U4 3;3 3 3);/4 4 4 «TY. 
2 3/2 3 2/4 3 2 O 
2 0);2 2 3)5 4 3 =O 
2 1/4 1 3/4 5 3 =O 
4 3/1 4 1;2 1 2 1 


We see the product of a column super trivector with a row super 
trivector when defined results in a super trimatrix which is not a 
super trivector. 


We proceed on to define some more concepts before we define 
the product of super trimatrix with its transpose and so on. 


DEFINITION 3.8: Let A = A; U Ap UA; be a super trimatrix. 
Then the transpose of A denoted by A’ = (A; U Ap UA3)' = 


Al UA, UA) is again a super trimatrix. 


Example 3.14: Let T=T,U T2 UT; 


31120578 
16/234 5 9 
= V6 Ts Sh att 
9 1/0 8709 
12 4/2 0151 

2:0 2-0 0 

a 210 

cl ee ar ee 

Ps ee a 
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we see T, and T, are supermatrices where as T3 is a 
simple(ordinary) matrix. So T is not a trimatrix or a super 
trimatrix. 


Example 3.15: Let T=T,U T2 UT3 


f4 11) [2 3 1/5 012 1 
023) |5 01/0101 0 
a5 A\\, |p oe 1S Do 0 
Ga We Ee BY) Se! aa 29 IF 
Gos) (OS. aio 8-3-4 
[9 2 6 160/557 5 8 
> 35 7 34'S 2 @ 
7a: ae a ames ee a 
[RD AS Se BD 
0: A De a8 


We see T, and T3 are simple matrices where as T2 is a 
supermatrix. Thus T is not a super trimatrix or a trimatrix. So 
we define a new notion called semi super trimatrix which will 
accommodate both examples 3.14 and 3.15. 


DEFINITION 3.9: Let T = T; UT, UT3, where some of the T;’s 
are supermatrices and some of the T;’s are ordinary matrices 1 
Si, j $3. Then we call T to be a semi super trimatrix i.e., a semi 
super trimatrix T has at least one of the matrices T; to be a 
supermatrix, 1 Si Sj <3. 


The matrices given in examples 3.14 and 3.15 are semi super 
trimatrices. Next consider the following examples. 


Example 3.16: T=T, UT, UT; 
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3, WO 32) 7 
i OY: (3s 4 
2 115 617 8 
5 meat 29 ees lige eh 

4 3/7 8]2 1 
lv 4)s 7) 1a 

r1 2/0 143 

as Ma er 

O43. 719 

1 0/7 To 

a 29° 30 


is a mixed square super trimatrix which is a symmetric super 
trimatrix. 

Thus from this example we see if a super trimatrix is to be a 
symmetric super trimatrix then it should either be a square super 
trimatrix or a mixed square super trimatrix. 


Example 3.17: 


V=V,U V2 UV3 


V is a square super trimatrix. Further we see V;, V2 and V3 are 
symmetrical supermatrices. Hence V is a square super trimatrix 
which is a symmetric super trimatrix. 
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DEFINITION 3.10: Let S = S; U S; US; be a square super 
trimatrix or a mixed square super trimatrix. If each of S; is a 
symmetric supermatrix then we call S = S; US; U 83 to be a 
symmetric trimatrix (1 <i <3). 


The examples 3.16 and 3.17 are symmetric super trimatrices. 


Now having defined the notion of symmetric super trimatrices 
we now proceed on to define quasi symmetric super trimatrices. 


DEFINITION 3.11: V = Viv V2 U V3 be a square super trimatrix 
or a mixed square super trimatrix or a mixed super trimatrix. 
We call V to be a quasi symmetric super trimatrix if at least one 
of the supermatrices V;, V2 or V3 is a symmetric supermatrix. 


Now we illustrate this by some examples. 


Example 3.18: Let T=T,U T2, UT3 


3 4/5 6 1 
4 1/2 3 4 
= Ul5 2/18 9 1} U 

6 3/9 7 2 
[1 4/1 2 6 

[6 0|9 2 

6 2]1 6 

T 1Jo 9]. 

3 3/9 2)’ 

4 4/8 0 

6 3/2 1 


T is super trimatrix which is a quasi symmetric super trimatrix 
as T> is a symmetric supermatrix but T, and T3 are just 
supermatrices. 
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Example 3.19: Let V=V, U V2 U V3 where 


13 9 6/4 5 
9 2 0]1 2 
V,=|6 0 7/6 5], 
41 6/9 2 
[S.22, S28 
fo 1/2 3 4 5/6 
[4253+ S10 
2 9/\6.5 4 °3/9 
v,=|/3 3/5 7 0 1|2 
44/4 09 0/1 
5s SS. te OY 1/3 
6 0/2 2 1 3/7 
and 
3 1/0 9 6 4/3 2 9 
bt BF Oa Ss 3B 
V,=|2 2/5 1 4 0/1 1 2|). 
5 112 3 4 5/6 7 8 
7 O.\.0 0 Pe) 0S 2 


Clearly V is a super trimatrix but V is only a quasi symmetric 
super trimatrix as V; and V2 are symmetric supermatrices but V3 
is only a supermatrix. 


Now having seen examples of quasi super trimatrices we 
proceed on to define the notion of quasi semi super trimatrices. 


DEFINITION 3.12: Let V = V; U Vy U V3 be a semi super 


trimatrix. If V;, V2 and V3 are square matrices or super square 
matrices then we call V to be a mixed square semi super 
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trimatrix. If Vi, V; and V3 are n x n square matrices orn xn 
supermatrices then we call V to be a square semi super 
trimatrix or ann Xn semi super trimatrix. 


Example 3.20: Let 
T=T, UT, UT; 


3} 1 . 3/0 [2 
= U 
2/0 2 3° 5 
be a semi super trimatrix. Clearly T is a 2 x 2 or square semi 
super trimatrix. 


Example 3.21: Let V = V; U V2 U V3 be a semi super trimatrix 
where 


ce a 
pale e I! 
7h A 3D 
013 2 
seam a) kc eae ea 
ie ae ee 
0 219 2 0/6 
Merlo. 4 ae-9 26:14 
5 3/1 0 5/6 
ea Ee eee 
and 
3 1/2 
V,=|0 1] 1}. 
1 0/1 
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Clearly V is a mixed square semi super trimatrix. 
Next we define mixed super trimatrix. 


DEFINITION 3.13: Let T = T; UT) UT; where some of T; is a 
square supermatrix or matrix and the rest are rectangular 
supermatrix or matrix then we call T to be a mixed super 
trimatrix. 


Example 3.22: Let V=V, U V2 U V3 where 


1 
0 
4 
7 


4 
2 
8 
1 


V,= 
and 

13 4/5 6 7/8 

4 2/1 0 5]6 

5 6 biG. 213 

“s=l6 3/0 1 2/0) 

Ts Aas 

8 210 5 2]1 


V is a semi super trimatrix which is a mixed semi super 
trimatrix. 


Example 3.23: Let S= 8S, US: U S3 where 
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and 


S is a semi super trimatrix which is a mixed semi super 


trimatrix. 


Example 3.24: Let V = V; U V2 U V3 be a semi super trimatrix 


where 


24 6 8 1 


Seeecey 
C= 


—- WwW OO N|O Ww 
Re NO ON) 
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E) 


FPF rR ALON 


Ww co BILAN DOIN 


3.5 7 9 


no wo NIN A 


and 


We see the three matrices Vj, V2 and V3 are rectangular 
matrices of order 2 x 9, 6 x 4 and 6 x 5 respectively. V is called 
or defined as a mixed rectangular semi super trimatrix. 


Example 3.25: Let T = T; U T, U T3 be a semi super trimatrix 
where 


Berl) OG 8. 
T=|0 123 4 5 6], 
Pe BA9" E2320 


and 


o 
— 
1oS) 
iN 


ies) 
oOo 
— 


We see each of the 3 matrices T;, T2 and T3 are 3 x 7 matrices 


or 3 x 7 supermatrices. Thus T is a 3 x 7 rectangular semi super 
trimatrix. 


Example 3.26: Let T = T; U T, U T3 be a semi super trimatrix 
where 
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17 8 9 
1 2 3 
4 5 6 
T,= 
3° «2 
5 6 4 
[8 9 7 
and 
3 12/3 4 5]1 
2041/0 1 1/2 
T, = ; 
12 4/6 8 1/3 
03 517 9 OF5 


T is a mixed rectangular semi super trimatrix. 


Now we see just a column semi super trimatrix and row semi 
super trimatrix. 


Example 3.27: Let A= A; U A> U A; where 
A, =[12345 6], 
A, =[0101|/01]01 3] 
and 


A3=[987|6432] 10]. 


A is a semi super trimatrix which we call as simple row semi 
super trimatrix or simple row semi super trivector. 


Example 3.28: Let V=V, U V2 U V3 where 


222 


and V,= 


Se A nN  W 


Nl COR WwW NIP WwW 


AANA BPW NIK 


V is a semi super trimatrix which is a simple column semi super 
trivector or a simple column semi super trimatrix. We define 
dual partition in case of super trimatrices. It is important to 
mention here the main difference between a simple row or 
column super trimatrix and a row or column super trivector is 
that when we say simple column or row super trimatrix each of 
its components in T = T, U T2 U T; are just a simple | x nj, i= 
1, 2, 3 row matrices or simple m; x 1 column matrices. 


We first see how the product is defined. 


DEFINITION 3.14: Let T = T,; UT, UT; be a simple row semi 
super trimatrix, where T, =(di, Manan) I1sis3. If T; is 
partitioned between rows r andr + I, s ands + I and t and t + 
1 and so on. We know 

U a(CeLol) st oF or 
where 
a, 
a, 
a, 
i = 1, 2, 3. Now each Vie will be partitioned between the 


columns r andr + 1, s ands + 1 andt andt+ 1 and so on. We 
call this type of partition carried on say from a I xn; row to any 
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n; xX 1 column vector to be a dual partition. Thus if a row 
supermatrix A=(a, Gy ik a,) has some partition and if a 


column supermatrix 


has the dual partition then we have a well defined product AB. 
This we will first illustrate by an example. 
Example 3.29: Let T=T, U T2 UT3 where A; =[230|1547 


|2 0], As=[1|2345|01]andA;=[1110,12015|01] 
be a simple row super trimatrix. Let B = B; U Bz U Bs where 


and B,= 


ace) 
II 
Se WLR ON NIK OF 
ve) 
nN 
ll 
NO Fl ne Oo NICO 


oO MIN FF Or FILO NF WwW 


be a simple column super trimatrix. Then 


AB a (Ay U Ao U As) (B, UB,U B;) 
= A, B; U Ap Bo U Az B; 
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2 
1 


=4[2 3 ig [1 5 4 7 [2 ate 


1 
1 

[1 11 oO}, [1 2 0 1 5]/0} | [o Ale 
0 
2 


=[2 | 19 | 6]U[O | 33 | 2]U]6 | 14 | oO}. 
Clearly this is a simple row super trimatrix. 


Suppose we want to find 


BA = (B; UB,U B3;) (A, U Ad U As) 
B,A; U BoA, U B3A3. 
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We see though we have the compatibility with respect to each 
cell, yet the resultant is some new structure which is never 
defined for they are not super trimatrices or vector or any 
known mathematical structure. 

Thus as in case of matrices if AB is defined it may happen 
that BA is undefined likewise we see here AB is defined but BA 
is undefined. 

Now we illustrate by a simple example the minor product of 
two super trimatrices. 


Example 3.30: Let T = T, U T, UT3 and S = S1 U So U S3 be 
any two super trivectors, where 


T=T,UT, UT; 


1 1.2 
= [3 ojs 10 2}s}ult) | i 


1/2 6|0 4 5 


be a row super trivector and 


S=S,;US.U 83 
f1 0111 
ca i es 01010 
12d. 34 
1 0 20120 
— 0. 2-2-5 
[oe 104100 
13 01 
FE (saad ie Ul0 00 1 0 
1 102 
3 4 ee a 10001 
4 3 01110 
— 5 102 
1 0; | ae ae ae oe 
101041 
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be a column super trivector. Now 


(T; UT, UTs) (S1 U Sy U $3) 
TS; U T.S> U T3S3 


TS = 


2 3 4 


0 0 
1 0 
000 1 


1 


0 0 


3 


12 3;2 0 1 3)2 
1 0 5 0 1)0 
1 5|0 4 0 7}3 0 
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249 1 3.3 5 3 1 7 2 1 
1 1 2 Iy+}1 1:2 6 Of}F}1 O 
1 6 12 1 0 7 7 11 0 9 3 0 


— 
oo Oo 
Ww Re Ww 


Nn 


17 7 10 12 
U}3 2 4 8 
20 11 13 23 


N 


= [24 20)|3, 7 9 4 


39 25 12 30 


- 


We see the resultant is only a trimatrix. Thus the product TS of 
the row super trivector T with a compatible column super 
trivector S is only a trimatrix and not a super trimatrix. 


Example 3.31: Let T = T; U Tz UT; be a row super trivector 
and S = S; U S) U 8; be a column super trivector. 


TS = [T, U To U T3] [S; U So U S83] 
= Tis; U T,S> U T3S3 


where 
3 5 1/3 12 4/2 0 
T= U 
; 0 6 | 10410 | 1 i 
3 01 41/1 1/0 1 0 
160 0/0 0}]1 0 1JuU 
01 0%1;/2 1/1 1 «0 
1/3 3 1/0 3 12 1 
214 1 0/1 04100 
1/0 11/0 10 1 =0 
0/1 2 2)/1 0410 1 
and 
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10 9 24 
40 32 8 6 5 
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14 25 5 2 Il 
13 
4 8 7 


We see TS is just a trimatrix which is not a super trimatrix. 
Now we find the product of a row super trivector T with its 
transpose. 


Example 3.32: Let T=T, UT; UT; 


3.0 4)7 2 3 1 5)1 2 
= U 
12 5/0 101 0;2 0 
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be a row super trivector. 


Now 
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9 3 6 
3 1 2)4+)/1 1 5 J4+)10 3 2]fru 
6 2 4 


5 5 26 8 2 2 
30 28 16 2 5 32 2 5 0 7 4 
28 29 20 1 in 3 3 2 1 o 0 1 2 
16 20 30 0 2 2°21 7 0 10 5 
2 1 0 1 vie) es ee | 4 5 9 
40 31 25 8 
66 14 19 
118 28 31 33 22 4 
= VI14 5 9 ]uU 
28 36 25 22 42 6 
19 9 32 
8 4 6 11 


We see the resultant of TT’ is a symmetric trimatrix which is 
not a super trimatrix. 


Example 3.33: Let T = T; U T2 UT3 be a row super trivector; 
to find the product of T with T’. Given 


T=Tyv To UT3 


He eae ee ea 
= U 


02 0142 5]1 00 0 1 
13 1);0 1 1 3 1 
4 01];1 02 1 1 
3 0;0 1 0 0 2 
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is a trimatrix which is symmetric, clearly not a super trimatrix. 
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DEFINITION 3.15: Let T = T; UT, UT; be a super trimatrix, if 
every T; is symmetric supermatrix i = 1, 2, 3 then we say T is 
symmetric super trimatrix. Clearly if T is a symmetric super 
trimatrix then T should be either a mixed square symmetric 
super trimatrix or square symmetric super trimatrix. 


We illustrate this by the following examples. 


Example 3.34: Let T = T, U T2 UT; be a super trimatrix where 


and 


We see T = T; U T2 UT; is a square symmetric super trimatrix. 
Further each Tj; 1 <i <3 are 4 x 4 symmetric super trimatrix. 


Example 3.35: Let V = V, U V2 UV3 where 
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7/0 


2 3 0 


0 7/2 0 2 


1 


2 


0 


2/9 


00 2);0 6 2 


and 


2 6 


2 


-l 


be a symmetric super trimatrix. Clearly V is a mixed square 


symmetric super trimatrix. 


=T,UT,UT; where 


Example 3.36: Let T 


3 0 5 


0 


7 \2 


5 0|7 6 9 
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We see each of the matrices T;, T, and T3 are symmetric 
matrices. 

Further they are also supermatrices but T = T; U T2 U T3 is 
not a symmetric super trimatrix as T, is only a symmetric matrix 
but T is not symmetric supermatrix though T) is a supermatrix. 
Thus T is only a super trimatrix which is not symmetric. 

From this we see each of the supermatrix which is 
symmetric must be partitioned, such that it is a symmetric 
supermatrix. Though T2 is symmetric it is not symmetric 
supermatrix as the partition happens to yield a non symmetric 
supermatrix. 


Example 3.37: Let T = T,; U T2 UT3 where 
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O° A DiS. 4e5 
16 0/1 2 1 
pee Te Ow 
3 1 6/5 1 3 
AV 2s GOA eo 
PS. Tr 2/3 2-8 
and 
(0 12/3 01 8 
1041/2 301 
Re Te EO Ase 20 
T,=|3 2 0/9 3 1 2 
03 1/3 60 1 
1 02/3 60 1 
BE Ol 2 bes 7 


We see T is a super trimatrix but it is not a symmetric trimatrix. 
Only one of the matrices T alone is a super symmetric matrix. 
It is not even a square super trimatrix. Thus T is only a mixed 
super trimatrix. 


Example 3.38: Let T = T; U T2 UT3 where 


ee 
Il 
Ww NO Olr KF 
nH Oo OLIN 
me NY F|Oo © 
- oO NIC N 
Re NO RFID WwW 
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and 


3. 1 0/f 3°14 
12 1/2 3 4 
O. 1 S:)o 23 
T, = ; 
l 2-1 /0r 1 2 
5.3. Dia 3 
LAS 2s 3 


T is a mixed square super trimatrix but T is not a symmetric 
mixed square super trimatrix. For T3 is a supermatrix further T; 
is a symmetric matrix but after partition T; is not a symmetric 
super trimatrix. T; is not a symmetric matrix only a supermatrix. 
T is a symmetric supermatrix. Thus T is only a mixed square 
super trimatrix. 


Example 3.39: Let V = V, U V2 U V3 where 


and 
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We see T is a mixed square super trimatrix which is also a 
mixed square symmetric super trimatrix. 

Thus we are interested in studying those super trimatrices T 
= T; U T, U T; in which at least one of them is a symmetric 
supermatrix. To this end we give the following definition. 


DEFINITION 3.16: Let T= T; UT, UT; be a super trimatrix we 
say T is a quasi symmetric super trimatrix if at least one of the 
T; is asymmetric supermatrix 1 Si <3. 


1. It may so happen all the 3 matrices are symmetric 
matrices; yet all of them are not super symmetric, only 
one is a symmetric supermatrix. 

2. It may so happen only one of the matrices T; alone is a 
super symmetric matrix where as others are rectangular 
supermatrices. 

3. It may so happen T is a square super trimatrix or a 
mixed square super trimatrix where only one of the T; is 
a symmetric super trimatrix. 


Thus in all these cases also we call T to be a quasi 
symmetric super trimatrix. Now we have seen if T is row super 
trivector then T. T’ the product of T with its transpose yields a 
trimatrix which is not a super trimatrix but it is a symmetric 
trimatrix. Thus we have a method by which we can generate 
symmetric trimatrices, of course it may be square symmetric 
trimatrix or a mixed square symmetric trimatrix. 
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Now do we have any method of generating symmetric super 
trimatrices? The answer is yes and now we proceed on to 
generate them by a special product. 


Example 3.40: Let T=T,; U T2 UT3 be a super trimatrix where 


Old QP a 
1/0 1/1 01 
Te (1. 0.00 11 
4/0 2}/1 0 0 
5/2 0/0 1 0 
PAY 2. 33-) 0% Bb B45 
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pe Ot a0 
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APL 20/4 
[5 0 1/0 1 Of] 
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Pa ie 2s ae al 
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3/1 0/0 1 
T,=|0/6 1/0 2 
1) te" cee al 
2/0 1/0 2 
[O|1 O]1 0 
Now 
PsLvpul) =Torert 
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We see S is a symmetric super trimatrix. Thus using the product 
of T with T' we get a symmetric super trimatrix. 

Now for the same trimatrix T = T,; U To U T3 we find the 
product 


TT = (TvT,vT) (TUTvtT,) 
(! UT) UT} \(T, UT, UT) 
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52:13. 120d 1D 14 | 04 
Sane le = 13 11 9/6 4 13 
en celle ee 12 9 12/3 5 18 
ee A slat am Salo 3 
Si S13 2 2 fans ie : 
Pileee) ee Nee 14 9 5 5 10) 12 
Let bt Pelee, 2 14 13 18/3 7 12] 28 
[19] 9 S]|1 9 
9 |44 9]2 15 
U5] 9 4})0 5 |=P,UP, UP, =P 
1/2 0]/2 1 
9/15 5]1 11 


We see P is also a symmetric super trimatrix. However we see P 
and S i.e., TT! and T'T have no relation. 

Thus for a given super trimatrix T we can obtain two 
symmetric super trimatrices. Now we proceed on to define the 
notion of semi super trimatrix and the types of semi super 
trimatrices. 


DEFINITION 3.17: Let T = T; UT UT, where at least one of 
the T; is a supermatrix and at least one of the T; (i #j) is just a 
matrix and not a supermatrix (1 Si, j $3) then we call T to be a 
semi super trimatrix. 
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Example 3.41: Let T= T,U T2 UT3 where T;=[0 12 3 4 ]; T> 
=[21|057|1113]andT3;=[1103|893|12571]. Tis 
a semi super trimatrix for T; is just a row vector where as T> and 
T3 are super row vectors. 


Example 3.42: Let S =S,U S) U 83 where 


3 a 
1 2 
0 3 
S, = 1 ,9, =| 4 
1 5 
0 [6 
and 
1 
0 
1 
S,; =| 1]. 
1 
1 
1 


S is semi super trimatrix as S; and S; are column super vectors 
where as S> is just a column vector. 


Example 3.43: Let Q=Q;U Qo U Q3 where 
Q, =[1 1111 0], 
Q.=[2304157] 
and 


Q;=[31|/705]1143]0]; 


Q is a semi super trimatrix for Q; and Q, are just row vectors 
where as Q3 is a row super vector. 
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Example 3.44: Let V=V,U V2 U V3 where 


i) 
ALN Flore 


V is a semi super trimatrix as V,; and V3 are just column vectors 
where as only V> is a super column vector. 


Example 3.45: Let V=V,U V2 U V3 where 


V is a semi super trimatrix as V; and V3 are just square matrices 
where as V> is a square supermatrix. 


Example 3.46: Let W = W,U W2U W;3 where 


and 
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W is a semi super trimatrix as W, and W; are just square 
matrices where as W) is a square supermatrix. 


Example 3.47: Let W = W,U W2VU W; where 


ie 3 
De A 
w,-|o[1_2/w.-| 
0 5 

516 7 

and 

[1 2/3 4 5 
6 7/8 9 0 
W,=|0 9/8 7 6 
5 HBO 9 
11/01 1 


W is a semi super trimatrix as W> is just a matrix where as W, 
and W3 are supermatrices. 


Example 3.48: Let S =S,U SU S83 where 


and 
Bad 2. D3 A368 7 
° {1 2/3 4 8/9 Of 
S is semi super trimatrix, as S; is just a rectangular matrix but S, 
and 8; are rectangular supermatrices. 


Example 3.49: Let T=T,U TU T; where 
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and 


T is a semi super trimatrix as T, is a square matrix, T, and T; are 
supermatrices. 

Just as in case of semi superbimatrix we can in case of semi 
super trimatrices also define 5 types of semi super trimatrices. If 
in the semi super trimatrix T; U T, U T3 all the 3 matrices are 
just column vectors we call T to be a semi super column vector. 

Examples 3.42 and 3.44 are semi super column trimatrices. 
If in the row semi super trimatrix V = V; U V2 U V3, Vi’s are 
matrices | <i < 3; some of them super row vector; then we call 
V to be a semi super row trivector. The examples 3.41and 3.43 
are semi super row trivector. Let V = V; U V2 U V3 be a semi 
super trimatrix where each of the V; is an n x n square matrices 
1 <i< 3, some of which are super square matrices and others 
just square matrices. We call V = V, U V2 U V3 to be a semi 
square super trimatrix. 


We give the following example. 


Example 3.50: Let U =U, U U, U Us; where 
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=—= = OOO 
or Fe & 
a oe SE SD 


and 


be a semi super trimatrix. U is a 4 x 4 square semi super 
trimatrix. 

Next we consider a semi super trimatrix T = T,; U T2 U Ts, 
where T;’s are square matrices of different order; some of the 
square matrices are super square matrices. We call T to be a 
mixed semi super square matrix. The examples 3.45 and 3.46 
are mixed semi super square trimatrices. 

Now we proceed on to define the notion of a mixed semi 
super rectangular trimatrix and a semi super rectangular 
trimatrix. 

Let V = V,; U V2 U V3 where V;’s are m x n (m ¥ n) 
rectangular matrices some just ordinary and _ other 
supermatrices. Thus we call V to be an m x n rectangular semi 
super trimatrix. 


We illustrate this by a simple example. 


Example 3.51: Let M=M,U M> U M; where 
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He oN 
o 
- oO 
o 
o 
- 


M, =| 0 


N 
So 
N 
N 
— 
So 


and 


be a semi super trimatrix. We see M is a3 x 7 rectangular semi 
super trimatrix. 

A semi super trimatrix V = V, U V> U V3 is said to be a 
mixed rectangular semi super trimatrix if V;’s are rectangular 
matrices or rectangular supermatrices of different orders. The 
semi supermatrices given in the example 3.48 is a mixed 
rectangular semi super trimatrix. 

A semi super trimatrix W is said to be a mixed semi super 
trimatrix if in W = W, U W2 U Ws; some of the matrices W;’s 
are square matrices or square supermatrices and some of the 
W,’s are rectangular matrices or rectangular supermatrices. 


Example 3.52: Let T=T,U T; UT; where 


and 
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45 67 


T is a mixed semi super trimatrix. 


=§,U Sy U 8; where 


Example 3.53: Let S 


0 2)]6 


2 41/8 


3D 2 


025 2 6 


and 


S is a mixed semi super trimatrix. 
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Now having seen the 5 types of semi super trimatrices now 
we define the notion of semi super trimatrix which is symmetric 
and a quasi symmetric semi super trimatrix. 


Example 3.54: Let T = T; U Tz U T3 where T is a semi super 
trimatrix. We say T is a symmetric semi super trimatrix if each 


of the T; is a symmetric matrix or a symmetric supermatrix. 


Example 3.55: Let V = V,U V2 U V3 where 


2 0/1 2 3 
05/3 2 1 
V.=|1 317 5 6, 
22/5 89 
13 1|6 9 0 
[1 2/3 4 5 6 
2 Oe eS 
3 9/2 7 6 4 
Orla Bg Aap 
5 7/6 17 8 
6 5/4 2 8 1 
and 
12 3 0 
va[2 59! 
3072 
012 6 


is a symmetric semi super trimatrix as V; and V2 are symmetric 
supermatrices and V3 is just a symmetric matrix. 


Example 3.56: Let T= T,U T2 UT3 where 
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teres es Ge! Ga | 
-l1 2 0 1 0 
T=|1l OO 5S 1 1), 
-l1 1 1 7 #0 
|1 0 -1 0 8 

3 0 8 

T,=|0 5 6 

8 6 3 

and 

[Oo 12 3/4 5 
1201/0 1 
aT Se. 2 
BL Se. OTA 
40 67|9 0 

5 de 2. The 28 


Here T; and T, are symmetric matrices where as T3 is a 
symmetric supermatrix. Thus T is a symmetric semi 
supermatrix. 

Now we proceed on to define the notion of quasi symmetric 
semi supermatrix and illustrate it by some simple examples. 


DEFINITION 3.18: Let T = T; UT, UT; be a semi super 
trimatrix. If one of the T;’s is symmetric supermatrix and one of 
the T;’s is a symmetric matrix then we call T to be a quasi 
symmetric semi super trimatrix; i.e., the other T, can be a 
square matrix which is not symmetric or a square supermatrix 
which is not symmetric or a rectangular supermatrix or a 
rectangular ordinary matrix (1 Si, j, k $3). 


Example 3.57: Let T = T; U T2 U T; be a semi super trimatrix 
where 
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5 0 2 


3. 0; 8 4 °5 


3 


4 


T,=|8 2 


and 


T is a quasi symmetric super trimatrix. 


=V,UV,U V3 where 


Example 3.58: Let V 
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crue ae | ae 
102 3 
1621 
7-5 4.3 
aa ne? | 
03 5 1 
6 8 3 4 
113 8 
[ies 308: al 
and 

[1 2 3/4 5 6 
29 8|7 6 5 

ae pamela 
470|]9 0 1 
5 6 0/0 3 4 
6 5 4/1 4 7 


we see V, is a symmetric square matrix. V3 is a symmetric 
square supermatrix where as V>2 is just a rectangular matrix. 
Thus V is a quasi symmetric semi super trimatrix. 


Example 3.59: Let S = 8, U S2U 83 where S; is a square matrix 
given by 


9 8 7 6 4 3 
2101 2 3 
4567 8 9 
S, = ; 
101 5 2 3 
453 101 
070 3 6 2 
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0 3 0};1 5 
3 2 1;)0 2 
s,=|0 1 7]9 3 
1 0 9j]1 0 
52 S10 7 
and 
3. 4 5 1 
mae 
5 0 3 1l 
1 1 1 0 


is not a quasi symmetric semi trimatrix as S. is a symmetric as a 
matrix but not a symmetric supermatrix because of the partition. 
S3 is a symmetric matrix and S; just a non symmetric square 
matrix. 


Example 3.60: Let T=T,U TU T3 where 


0 

8 | 
Ta|9 ; 

7 

6 
(O12 3 0 5 
165 43 2 
7ul2 57109 
SOS A Bees 
030658 
5. 209". Tog 3 
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and 


T is a quasi symmetric semi super trimatrix. 


Now having seen examples of quasi symmetric semi super 
trimatrix we now proceed on to define some of its properties. 


A matrix T of the form 


3. kd 
1 0 1 
1 1 1 
T=|2 6 2 
0 1 2 
5 6 7 
3: 1-2 


will be known as a special super column vector. Likewise 


S= 


nn fF OS 
wn oT 


1 
2 
3 
4 


Wn Oo 
nH ON Ff 
oO WON 
WN Oo Re 
Co Oo Oo NY 


3 
1 
5 
6 


is a supermatrix which will be known as the special super row 
vector. We see these matrices are partitioned either horizontally 
or vertically never both vertically and horizontally. 


We see the matrix 
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N 

Il 
Se AILN FF O]r N 
So NW Re Rl Re wD 
Oo oO; RR RIT Nn 


is not a column super vector for it is divided both vertically and 
horizontally. 

Thus a special column super vector is always divided or 
partitioned only horizontally and a special super row vector is 
always partitioned only vertically. Thus 


is not a special super row vector. 

Now we give conditions under which the product of a 
special column super vector is compatible with a special row 
super vector and so on. 

We define both the minor product as well as the major 
product of these supermatrices when specially these 
supermatrices are super trimatrices. 


DEFINITION 3.19: Let T = T; UT, UT; be a semi super 
trimatrix if at least one of the T; is a column super vector and 
one of the T;’s is a simple column vector i.e. T; is am xn 
matrix with m > n then we call T to be a special column semi 
super trimatrix or vector (1 Si, j $3). 


We first illustrate this by a simple example before we define 
more concepts. 
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Example 3.61: Let T= T,U T2 UT3 where 


5 DiS <9 29% ol 6 
T=|5 0 | 6 8 10 He 9: 


wow CO] fF OL NO w 
So Rt Re WY OAL 
oO FI ON NINN NY 
NO Flr RF HD] WO] Ww iN 
= Ole Oo WMIOol aR 


and 


Se NW ON Ke 
wow Oop Re ON 


T is a special column semi super trivector. Clearly we see all the 
3 matrices need not be an m x n matrix with n> m. 


Example 3.62: Let S=S,;U S)U S83 where 
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fee ee 

Oe at “a 

6 1 1 

s, - 101 

1 1 0 

3°25 S 

6 7 8 

|1 3 4 

and 
34 TBs 
10261 
0107 8 
8 7007 
S,=|1 1 0 8 4]; 

f° 2. 34S 
678 9 0 
13011 
8 19 10 


S is a special semi super column trivector or matrix we see S; is 
a square supermatrix but S, is a special column super trivector 
and S3is an m X n matrix with m > n. 


DEFINITION 3.20: Let P =P; UP 2 UP; where at least one of 
the P;’s is a special row super vector; at least one of the P;’s is 
a special row vector i.e., P; is anm xn matrix in which n> m. 1 
Si,j $3. 


Then we call P to be a special semi super row trivector. 


We illustrate this by the following examples. 
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Example 3.63: Let P = P; U PU P3 where 


ww 
KR 
sa WN 
nN 


and 


[3 £7 934-3 10 
2 1S 38) 6-8 1 5 1 9] 


P is a special semi super row trivector. 


Example 3.64: Let S =S,U S)U S83 where 


3 4 6 8 0 
5, = ’ 
15 79 1 


— ele WwW ~ CO] Ww 
= of = oO A -!— 
= | Or NY O!1N 
Re elo BR HR] N 


and 
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BR WN 
OW BOD 
Se NY MN Ww 
NF aD 
wo ON NY 
nA me CO W 
me NO fF 
ow CO O&O 
= —= ~~ e 


S is a special semi super row trimatrix or trivector, as S, and 8; 
are rectangular m x n matrices with m > n. 

Now we proceed on to illustrate by examples the products 
of semi super trimatrices. 


Example 3.65: Let T = T; U T2 U T3 be a special semi super 


row trivector and P = P; U P2 U P3 a special semi super column 
trivector. Here T= T, UT, UT; 


1 3 5/1/0 01 1 
2 4 0/1]/1 0 0 0 
is special row trimatrix. 
P=P,UP, UP3 


7 1 01 

1 0 
01 0 

0 1 
——; /|1 1 1 

01 1 2 J 
——! |0 1 2 

=|1 0 L]JUl1 O}VU 

1 0 0 

1 1 0 1 1 
01 1 

0 1 
1 01 

2 0 
= 0 0 0 


is a special semi super column trimatrix. 
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(T; UT,U T3)(P1 UP,U P3) 
TP) U ToP2U T3P3 


TP 


x a5 gh ah ee wast eT 


(> as | 


a) 


| Sel 
N 


By 


[Koy cee thee ee eee 


oO AF Or OOH CO 


Shiv Sr ON JOS a 


So 
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i=) 
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0 0 1 
00 0 0 


1 
1 


1 3 5 
2 4 0 
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1 0 
5 731.4 

ae 

+/1][2 q+]1 0 0 24, | 
2 0 1 1 0 

2 0 


eae coal 
- 2 
Co Oo 
Go _ 
Go _ 
[ 
—- © 
oor Oo 
or Fr 


elites ee 


4 
3 4 30 9 
79 9 
6 IIL; 8 3IuU ; 
3 5 4 
0 1 7 5 


We see TP is just a trimatrix which is not a semi super trimatrix. 


Example 3.66: Let T = T; U T2 U T3 be a special semi super 
row trimatrix and V = V; U V2 U V3 be a special semi super 
column trimatrix. 


T=T,UTLUT3 
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00 0 


be a special semi super row trimatrix. 


ViUV2U V3 


V= 


be a special semi super column trimatrix. To find 


=V,UV2U V3) 


T)UTuU T3)(V 
TV, U0 ThV2U T3V3 


(P= 


TV 


287 


WwW tN 
ron 
a AN A 
N = Oo 


Co — 


i) 


— So et SS 


oe CO OS 


oe AS coe, PA 


NO 


a eer | 
alc rOhlC rl 


=) 


Sl 


i=) 


oS 


co) 


Sl 


Sl 


1 


2 0/0 


Sl 


0 0/0 


So 


i=) 


Sl 
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Clearly this is only a mixed trimatrix which is not a semi super 


trimatrix. 
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Now we proceed on to define the notion of minor product of 
special semi super row trivector and a special semi super 
column trivector. 


DEFINITION 3.21: Let T = T; UT) UT; be any special semi 
super row trimatrix and V = V; U V2 U V3 be another special 
semi super column trimatrix. The minor product TV = (T = T; U 
T) UT3) V= ViUdV> U V3) =TiV, U T)V2 U T3V3 is defined if 
each of the product T;V;, 1 <i <3 is defined. 


Note: In the case of minor product of two special semi super 
trimatrices the resultant is a only trimatrix and not even a super 
trimatrix or a semi super trimatrix. 


Example 3.67: Let T = T; U T2 U T3 be a special semi super 
row trivector to find the minor product of TT’. 
Given T= T, UT, UT3 


3. Oe. 2 

iS 00d 04 

mi yan ae oes ae 

a Oar A 
i 200-4 Bt SS 0 
6 PS 4 Oe OPES 
OF PO) t 0% 0 
ik 2 O00: Tle a6 
eo 7 Or OF Toa TIM 
Hae ee Ge ale A le ee gl 
O20 Oe 1 Oe Dh > Ol 


is a special semi super row trivector. 
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Now TT! 
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1 1410 00 0 0 
122 1) |0 10 1 
+ 
122 1] |0 0 0 0 
01 1 1) |0 10 1 
39 8 3 14 15 7 6 3 
45 7 10 
8 3 0 6 7 10 9 3 
= U!l7 8 2 
3 02 0 6 9 15 3 
10 2 13 
14 6 0 14 3 3 3 6 


We see the minor product of TT’ is a symmetric trimatrix and is 
not a super trimatrix. In fact TT' is a mixed symmetric 
trimatrix. Thus the minor product of special semi super row 
trivector with its transpose yields a symmetric trimatrix. 


Example 3.68: Let T = T; U T, U T3 be a special semi super 
row trivector. To find the product of TT’. Given 


12/3/0 11 1 «41 
012 3 
0 O0j/1/1 010 +1 
T=/|1 2 3 OFVU U 
2 0/1/0 1 0 1 +0 
2 3 1 ~0 
1 1/0};1 00 1 +0 
1021 1/1 0 1/0 
01 02 1/0 0 1 1] 1], 
221 0 0/1 0 11 
T = (T; UT, UT3)" 
= TiruTuT 
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This is clearly a symmetric trimatrix which is neither semi super 
or super. 

Now we proceed on to illustrate major product of semi 
super trimatrices. 


Example 3.69: Let T = T,; U T2 U T3 be a special semi super 


row trivector. V = V,U V2 U V3 be a special semi super column 
trivector. 
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here 
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be the special semi super row trivector. V 
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be the semi super column trivector. 
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Thus the product results only in a usual trimatrix. 


Now we give an illustration of the major product. 


Example 3.70: Let S = S, U SU S83 be a special semi super 


column trivector. V 


V,U V2 U V3 be another special semi 


super row trivector. To find the product SV. Given 
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is a special semi super column trivector. Here 
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be the special semi super row trivector. 


(Sy USSU S3) (Vi UV2U V3) 
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We see the major product yields a semi super trimatrix. 
Thus using major product of compatible special semi super 
trivector we can get more and more semi super trimatrices 
which are not trivectors. We give yet another example of how 
the major product is determined. 


Example 3.71; Let 
T=T,UT,UT3 
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be a special semi super column trivector and 
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be a special super row trivector. 
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9 23) 2 5 5.65. 2:) 7 25 
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9/0 3/3 3 0)3 0 3 


14 32/5 4);4 4 519 5 4 


We see the resultant is a semi super trimatrix. 


Example 3.72: Let 
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be a special semi super column trivector. 
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We see the resultant is a symmetric semi super trimatrix. 
Thus the major product of a special semi super column trimatrix 
T with its transpose T' yields a symmetric semi super trimatrix. 


Example 3.73: Let P = P,; U Py U P3 be a special semi super 
row trimatrix. To find the value of P'P. Given 


1011 
0101 
P=/|1 0 1 Olu 
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[1 10 0 
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come Bl oe ae ea A ea 
13/0 1 1J/0 10101 


— 
— 
— 
i) 
—_ 


318 


ae | 
Sn en > 
ee 
ane - On oe CO 
ee, on Oe 
nN 
A, 
Ske Sees 
Be ee 
am a a4 om Oo Oo 
wm 
me eke 
ear al = 
om Oo 
al 
Qe 
eA > Bee ee 
IP a a4 Om 
Ga Bp Il 


319 


i=) 


Sl 


1 


1 


00 0 0 


320 


00 0 0 


321 


= = Ole aH OO a oe 
oO Oo Se SS a Oo Oo 
4 Ol ITC Ol =“ Oo 4 
on O}OoO et OS om Oo 
pa 2 ie ina Seem ia iat as 
=i or 4 7-4 oO Tn Oo oO 
on Oo o Sos So See 
ies — int hae | ial Se =f 
Seesaw) Soe 
ie be a SS (ene earl 
— oO — OS Oo. Sm 
Sot © co) om Oo Co 
ae ee — | i Sens ey 
fi... , SIL _ <5 all Where se wl 


| 


ttloq ola a aN oN 
Solo ocoolo coooeo 
MmtlaaalaaamMmon 
aanlaaa|nanaos 
AN tlaaalamano a 
a anloaaln an aos 
a tlowauwalnannanoo ea 
ttla Nn elena N on 
t+ HIN BH Ole HAHN oOo a 
Stet tin t+~atot 
= olt tala nmunodt 


322 


Re eB NY CO NIK NIN F NY 
NH —_ =| Se KB ( NY Kl RK NY = 
Re eB NY OO NI RF NIN KF N 
Se FE NY CO NIK NIN KF NY 
NO Re Re RP RIN FIR Ne 
ae PF NY OC MRK NIN YY WN 
ep Oo OF CO] F CO1COrF SO 
a Fe NY OC MRK NIN WN 
Lt ee ee Se 
NO Be RB RB RIN RIL Rr Ne 


Clearly P'P is again a symmetric semi super trimatrix. Thus the 
major product of a transpose of a special semi supermatrix P 
with itself yields a symmetric semi supermatrix. Now we 
proceed on to define the notion of major product of semi 
supermatrices. 


Example 3.74: Let P = P} UP: UP; and T = T; UT, UT; be 
two semi super trimatrices for which major product PT is 
defined. We find this product for P and T. 


Given 

[1/1 10/3 01 

0/0 1 0/1 1 1 

auf 3/1 0 0]1 01 

pet eee Nes lees Oh Ot 20. ac) 
Soke OG 1/1 0 1/0 0 0 

i 0/1 01/01 1 

1/1 1 0/1 0 2 
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is a semi super trimatrix. 


Now 
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(P; U Py U P3) (T; UT, UT3) 
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We calculate 


0 0 0 
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or Olr Fr ClO 


0 0 


=(1)(0)+(110)]1}+G01) 
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(0) + (1) +(0)=1. 
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= [20] + [2 3] + [23] 
= [6 6]. 
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F O|1 01/0 1 1 
Z33 = 
1/1 1 O}1 0 2}|—— 


Z, 2, Ly 

Zi. =|Z,, Zy Ly 
Zy, Ly Ls 
[/1|2 9 4 6|6 6 
2/1 3 2 3/4 4 
01/4 16 9 6|9 3 
=/1/2 5 4 2|4 1 
1/3 5 4 2)3 3 
2;3 12 344 5 
1;2 74 5|8 4 


In the similar manner Zi is also calculated. We see the 


major product of two semi super trimatrix yields a semi super 
trimatrix provided the product is defined. 
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Now having defined this we can also as in case of special 
semi super trivectors define the product of a semi super 
trimatrix with its transpose. 


Example 3.75: Let T = T; U T2 UT3 be a semi super trimatrix 
where 


1/0 1 1 2/3 4 
a 0/1 00 1/0 1 
21000 
1/0 1014/1 0 
01010 
Bh ee 20h SOAEE: al 
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TT=!|0 0011 
01000 
00102 


332 


0 


0 0 0 


1 


U 


1 


0 0 0 


0 0 0 


1 


0 0 


0|;0 0 


0 


0 


1 
2|0 0 


1 


0 


0 


333 


ae a a 
1201 0 Zi. Fig, Te 
= Hee A DOE Se Me Zee Ze, ae i 
1. TOE A a ay bee 
[6 0 5 1 14 
Fo Fon Fe, 


where the calculations of Za and Zi will be shown explicitly 


and then filled in to form the supermatrix. 
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BR WIN RF FP Olr 
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=[3 6]+[4 4]+[1 0] =[8 10]. 
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=(0 3 3 Oo]+[5 4 3 Oj+f1 1 0 J] 


=[6 8 6 lj. 
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oO FIR Ww Oo Iw 
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Z3, LZ Z3; 
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OF ADD. 3B Ae od 
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Thus 


542 1 6 
1201 0 
TT’=|2 020 S5]u 
1102 1 
16 0 5 1 14 
(32/6 7 11 2 11/7 6 
6/3 12 1 2/1 3 
Tl Ae AD A 35 A 
i |. We 1322) SS: 2 
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OG (eae Si MR Oe als a2 
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We see the product gives us a symmetric semi super trimatrix. 
The interested reader can find T'T which will give yet another 
symmetric semi super trimatrix. 


We have given the explicit working of the product, the main 
motivation for it is that while calculating for a general case we 
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have to give lots of notations and we felt it would only confuse 
the reader. It is certainly easy to find the major products using 
these illustrations for after all what we are interested is that the 
reader should be in a positions to work it out. The theory behind 
it is not very difficult but the notational representations is little 
cumbersome. 
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Chapter Four 


SUPER N-MATRICES AND THEIR 
PROPERTIES 


In this chapter we for the first time introduce the notion of super 
n-matrices (n-an integer and n > 3) and give a few of its 
properties. When n = | we get the supermatrix, n = 2, it is the 
superbimatrix studied in chapter two. The study of super tri 
matrix has been studied in chapter three, the case when n = 3; 
when we say super n-matrix we mean n a positive integer and n 
> 3. Here we also define the notion of semi super n-matrices 
and show how the product defined using them at times yields 
only an ordinary or elementary n-matrix. Further some of the 
products induce a symmetric super n-matrix or a quasi 
symmetric super n-matrix. 


DEFINITION 4.1: Let V = V; UV) vu... UV, (n > 3) denote n 
distinct super matrices, i.e., each V; is a super matrix 1 Si Sn. 
‘UY is just a symbol. We define V to be a super n-matrix. 


Example 4.1: Let V = VU V2 U V3 U V4 where 


Vi =[1 0/234] 5], 
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and 
3 0/1 
1 1)1 
V4 = 
2 0|2 
5 3)|5 


V is a super 4-matrix. Here n = 4. 
Example 4.2: Let T=T, U T2 UT3 U Ty U Ts where 


302 1 5([3 1 


oa eae eae 


3}1 3 4 
O;1 1 0 
1;0 0 1 
T2= ; 
3/1 5 2 
1/2 3 4 
9/8 3 1 
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and 


T is a super 5-matrix. In this case we have n= 5. 
Example 4.3: Let T=T, U Tz U T3 U Ty U Ts U To where 
T, =[0|101|23 4), 
T,=[1|2345|578/90], 
T3=[013|45|789 10], 
Ty=[6|12|/30146 1], 
T5=[310|22501] 
and 
To =[1|23]456/718 1]. 
T is a super 6-matrix. We see each of the super matrices T;’s are 


row super vectors. 
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DEFINITION 4.2: Let T= T,; UT) U... UT, (n > 3) be a super 
n-matrix. If each of the T; is a super row vector i = 1, 2, ..., 
then we call T to be a row super n-vector or super row n-vector. 


The example 4.3 is a super row 6-vector. 


Example 4.4: Let S=S, US; U 83 U Sq where 


0 . 1 
' 1 1 a: 
1 ae 
5 2 2 —1 
; 4 . 3 
S,;= -|,S= 7 ,93= 3 and S4= Deal 
4 = 
: 0 7 3 
F 2 6 1 
L 5 | 4 0 
1 1 


S is a super 4-matrix or a super 4-column vector. 

DEFINITION 4.3: Let T= T; UT, UT3VU ...UT, be a super n- 
matrix (n >3). If each of the T; is a super column vector (1 Si S$ 
n) then we call T to be a super n-column vector or column super 
n-vector or column super n-matrix. 


Example 4.4 is a super 4-column vector. 


Example 4.5: Let V=V,U V2 U V3 U Va U Vs where 
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V3= 


1 
4 
7 


om! N 
Oo HDI w 


and 


V is a super 5-matrix. We see each of the super matrices Vi; 1 < 
i <5 are square super matrices. 


DEFINITION 4.4: Let K = K; UK; UK; vu .... UK, (n> 3) bea 
super n-matrix if each of the K; are t x t square matrices for i = 
1, 2, ..., n then we call K to be at x t square super n-matrix. If 
on the other hand each of K; is a m; * m; square matrix i = 1, 2, 
..., 1 then we call K to be a mixed square super n-matrix. 


The example 4.5 is a mixed super square n-matrix (n = 5). 


Example 4.6: Let P = P; U P2 U P3 U Py where 


P,= 
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and 


P is a super 4-matrix. Infact P is a 4 x 4 square super 4-matrix. 


S1 U SoU 83 US4U Ss where 


Example 4.7: Let S 


0 0/0 
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21/9 .4/7 5 
S;=|3 1/1 9/6 6}, 
1 1/1 8/4 7 
[1 7 943 
2 8 8]1 
ge sae 2 
4 0 6|0 
5 1 5}|2 
[6 2 4|5 


and 


S is a super 5-matrix. We see each of the S;; 1 <i <5 are 
rectangular super matrices of different order. 


DEFINITION 4.5: Let S = S; US) US; U... US, (n >3) bea 
super n-matrix. If each of the S;’s are rectangular super 
matrices of different order then we call S to be a mixed super 
rectangular n-matrix or a mixed rectangular super n-matrix. 


The super n-matrix given in example 4.7 is a mixed rectangular 
n-matrix. If in the super n-matrix S = S, US, U... US, each of 
the S;’s are m x t (m ¥ t) rectangular super matrices then we call 
S to be an m x t rectangular n-matrix. 


The super n-matrix given in example 4.7 is a mixed 
rectangular n-matrix. 


DEFINITION 4.6: Let T= T; UT, UT; U... UT, (n > 3) bea 
super n-matrix. If some of the T;’s are square supermatrices and 
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some of the T;’s are rectangular super matrices (i = j); i Sj, iS 
n, then we call T to be a mixed super n-matrix. 


Example 4.8: Let K = K; U Ky U K3 U Ky U Ks be a super 5- 
matrix where 


3}1 2 
K,=/1]1 0}, 
0}1 1 


1 6 5/0 1 073 
27 41/9 1 1/4 
K4g=/3 8 3/8 0 6/2 
49 2/7 2 0O}1 
5 0 1/6 3 145 


and 


11/3 5 7/9 1)7 
K; = F 
0 2}4 6 8j]0 4)8 
K is a mixed super n-matrix here n= 5. 
DEFINITION 4.7: Let T= 7; UT) U... UT, (n >3) be a super 


n-matrix we say T is a special super row n-vector if each of the 
T,’s is am; X n; matrix (n; >m,); 1 <i <n; with partitions done 
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only vertically i.e., only between the columns. No partition is 
made between the rows. If P =P; UP, VU... UP, (n> 3) bea 
super n-matrix we say P is a special super column n vector if 
each P; is a t; X s; matrix with t; > s;(1 Si <n) and each column 
matrix is partitioned only in between the rows i.e., horizontally 
and never partitioned in between the columns. 


Example 4.9: Let S=S, US: U 83 US4U Ss where 
1 3 1/0 3 
Si = > 
2 4 1/1 3 


S2s=/1/0 5 8j)1 3) 1], 


11/2 3 5/2014 
NOs A [ee COED NLD 
lo als 6 1lo 4-2 OF 

3 0/1 11/1 101 
iF es Oakes ca fas ee 
S=!1]/1 1/0 1 1/0 1 2 31, 
2) a. DS th “LO dA 28 
and 
LF 829 7 S51 114 
_|2 1 8 2 3/8 2 6/2 0]2 

Ss=l) 1 6 5 alo 3.7/3 7/31" 

004 1 6/0 4 8/6 2]1 


S is a super 5-matrix which is a special super row 5-matrix. 


Example 4.10: Let T=T, U T2 U T3 U T4 where 
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T is a super 4-matrix which is a special super column 4-matrix. 


S| U So U S3 U S4 where 


Example 4.11: Let S 


and 
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Clearly S is a super 4 matrix but S is not a special super column 
4 matrix for S; and S; are partitioned vertically also. S; and S; 
are only super matrices and are not special super column 
vectors. 


Example 4.12: Let V = V; U V2 U V3 U V4 be a super 4- 
matrix; where 


21/0 1 7 «1/8 

0 1}|1 4 6 1/7 
Vi > 

1 5 8 0/6 

0 2}/4 6 1 9/4 


1 9/3 0 8 
V3=|2 8/2 1 9 
3 7{|1 2 1 


and 


. 1 | 3 1 0]1 1 1 
ease aor ll OE: 
V is not a special super row vector for the super matrix V, and 


V4 are partitioned horizontally also. 


Now we can define minor product of special super n- 
matrices. We first illustrate it and then define the concept. 


Example 4.13: Let T= T, UT: UT3 U Ty be a special super 
column 4-matrix and V = V; U V2 U V3 U Vg be a special super 


row 4 matrix the minor product TV is defined as follows. 


T=T,VUTL,UT3UT, 
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be the given special super column 4 vector. S 


S4 
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be the given special super row 4-vector. 


(T,U T, UT3 U Ta) (S; U S2 US83 U Sa) 


T,S; U T.S> U T3S3 U T4S4 


TS = 


2 
1 
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3. 2° 23-07 
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2 8 


13);5 3 5 
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4 18|7 4 7 15 


2 0 2 


2 


SS? Dede 222 2 
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2 0 2 


2 


3. 22 2 2 2 
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3 6 4/3 3 3 3 210 
Do Sc 2 Bo 3B. 2. 222 


6/6 6 5 5 4 


11 


5 


3 2)2 2 


1 
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The resultant is a super 4-matrix which is not a special super 
row or column n-matrix. 

Now we define symmetric super n-matrix and a semi 
symmetric super n-matrix. 


DEFINITION 4.8: Let T=T; UT) v ... UT, (n > 3) be a super 
n-matrix. If each of the T; is a symmetric super n-matrix then we 
call T to be a symmetric super n-matrix: 1 SiS n, 


Example 4.14: Let T= T; UT, UT3 UT, UTs be a super 5 
matrix where 


1 1 
0 1], 
1 8 
1 2)3 
TS) S37 
3 7/1 
and 
[1 2/3 4 5|6 
2 0/1 1 O}1 
ean Om eer es | 
Te 
A DNTP O35 5 
5 0/1 3 1/2 
6 1/2 5 2/0 


T is a symmetric super 5-matrix. 
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Thus a symmetric super n-matrix is either a square super n- 
matrix or a mixed square super n-matrix. It may so happen that 
in a super n-matrix T=T, UT, UT3U... UT, (n> 3) some of 
the T,’s are symmetric supermatrices some of them just 
supermatrices in such case we define T to be a quasi symmetric 
super n-matrix 


Example 4.15: Let T=T, UT: UT3 UT, U Ts U Tg be a super 
6-matrix where 


17 8 1 O]1 
8 1 5 1}3 
15 1 0Oj;1 Zales 
Th = ,13= 517 
01 0 215 
1 3 1 5)]0 
Ty= ; 
‘1 1/1 01 0 
12/0 1 0 0 
10/5 3 1 2 
Ts = 
01/3 01 +7 
1 O/1 1 041 
00/2 7 1 0 


and 
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To 


Clearly T = T; UT, UT; UTs UTs U Tg is only a quasi 
symmetric super 6-matrix. 


DEFINITION 4.9; Let T= T; UT) UT; VU... UT, (n >3) be an 
n-matrix in which some of the T,’s are super matrices and some 
of the T;’s are just matrices I <i, j Sn. Then we call T = T; Vv 
T, U...UT, to be a semi super n-matrix. 


Example 4.16: Let T=T, U T2 U T3 U T4 where 


012 3/4 5 
T= |6 7 8. 9/0. 11, 
aoe eae, 
>. G. 
= )0) 3 
i. 2 


and 
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0 2 4 0}6 


T is a semi super 4-matrix 


8; U Sx U 83 U S4 U Ss where 


Example 4.17: Let S 


3 6 4/8 


0 1 
2 2 6 


9 


and 
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2 


0 


416 


S;U S.U 83 U S4U Ss is a semi super 5-matrix. 


S= 


S1 U So U S3 U S4 where 


Example 4.18: Let S 


NW NOT NMMN 
=a Oe OK NN 
CUE Sr Ont 

ll 

(sa) 

N 


and 
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S=S,U S2 U §3 U Sg is a Semi super 4-matrix. 


DEFINITION 4.10: Let T= T; UT) Vv... UT, be a semi super n- 
matrix (n > 3). If each T; is am X p matrix with m < p and 1 Si 
<n with some of the T;’s super matrices and some of the T;’s 
just matrices then we call T to be a special semi super row n- 
vector. Ifm > p then we call T= T,; UT, VU... UT, to bea 
special semi super column n-vector. 


We illustrate them by the following examples 


Example 4.19: Let V = V; UV2U V3 U V4 U Vs be a special 
semi super row 5-vector where 


3 1 0/1 3 241 1 
Vi=l)0 1 1/0 2 2 Tix 
2: So Wilts 5 1 
| 2 0 
Vo= ’ 
[lt Soe <7) De | 
[1 0/0 161 
2 £)3-4 £8 
V3= oy 
2.212 0" Ss 7 
pe SP Br De 6 
105 1 
V4= 1 6 
0 17 
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and 


3 1/2 3 5 6/7 8 
V5= ‘ 
01/9 8 7 6]4 3 


Example 4.20: Let S=S, US: U 83 U S4 U Ss where 


eo [3 422 Ol 6 
se | fen ee en ae a 


3 
ila 
all , 
6 
4 0 9 
S3=/2/5 8 1 O}, 
3 | 6 4 
1/2 3 6 7|8 9 
S4=|0 | 3 1 0/1 7 
6} 1 0 8 1/0 1 


and 
1 0 1 
Ss = F 
2 6 2 
S=S8,U S.U 83 U S84 U Ss is a semi super 5-matrix. 
Infact S is a not special semi super row 5-vector as S, is a super 


matrix which is divided horizontally also. The row vectors must 
be partitioned only vertically and never horizontally. 
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T,UT,UT3U0UT4 where 


Example 4.21: Let T 


0 0 0 


00 0 0 


1 


00 0 


T3= 


and 
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— (ax) — — — — — Cane SE © 
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be a semi super n-matrix (n = 4) but T is not a special semi 
super column n-matrix as T, is divided vertically also. If T is to 
be special semi super column n-vector each matrix must be 
rectangular m x t matrix with m > t with only horizontal 
partition of the m x t matrix. If the partition is also vertical even 
for a single T; then T is not a special semi super column n- 
vector. 

Now we illustrate major and minor products of super n- 
matrices before we give the abstract definition. 


Example 4.22: Let T = T,; UT, UT3 UT, UTs and V = V; 
U V2 U V3 U V4U Vs be two special super n matrices (n = 5) to 
find the product TV. Given T=T; UT, UT3 UT, U Ts where 
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and 


V,UV2U V3 


be the special semi column 5-matrix. Given V 


U V4 U Vs where 
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and 


be the special semi row 5-matrix. 


(T; UT, UT3 U Ts U Ts) (Vi U V2 U V3.U Va U Vs) 


T1T,; U ToV2 U T3 V3: U VaTg U Ts V5 


TV= 


D 
Ae ee 
a ) 
= oS 
4 ON 
A eS 
“= Oo 
—4 TN Oo 


1 
1 
1 
1 
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3 
2 
8 


1 
1 
1 


3 4 9);5 4 3 4 
3. 6/4 6 2 6 


4 2 3/3 3 


2 3/3 2 
16 3 3/5 8 
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124 6 11/7 3 7 3 
6 2 2/2 12 1 
6. 2 Sel. Or 3 2 
ie 11. Yet on 
6 3 6/4 0 4 3 
Game came nfo? bs 
PL. Ae 73> De) Bee Be [AS TD 23. 
Ts Be De ee WS oi Oe 
011 0/0 1 0/1 6 1 °0 
LO O22 eA 
2423/3 22/4 6 3 2/7 
Lee 22s “he 22) De le GT: och 
Ly 3 Be De |e SG, De 
[se AED | D2 Oe 22 
[2 82 BS. Be Te Del Ba? 
pa as Nas So Soe ee ee) 
6 6 6]12 12 0 6/6 6 
BT Ne. Be Qs Dade eh, 
BP |B Be Th. ee 
1 00/0 001/01 
0 61/1 1 1 04/1 0 


We see the minor product of T with V yields a super n-matrix (n 
= 5). It is not a special semi n-matrix or a special semi column 
n-vector or a special semi row n-vector. It is a super n-matrix (n 
= 5). 

Now we study under what conditions is the product defined 
and is compatible. We see if T and V are special semi super n- 
vectors then both T and V must have n elements i.e., n-matrices 
for the product to be defined. Secondly we need in both T;V; is 
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compatible with respect to minor product i.e., T=T; UT, VU... 
UT, and V=V,; UV, VU... UV,, 1 <1<n we have T; to be 
special column super vector and Vj; to be special row super 
vector such that the number of columns in T; = number of rows 
of V;; 1 < i< n. Thirdly we see the resultant of the minor 
product yields a super n-matrix and not a semi super n-matrix 
provided both T and V are special super n-vectors. Now we will 
find the major product of a special column super n-matrix with 
its transpose. 


Example 4.23: Let T=T, UT: UT3 U Ty U Ts be a semi super 
column 5-vector. To find the product TT’. Given T = T; UT2 
UT; UT4ZU Ts 


30115 
han (CRE ins ee | 
| |1 299 11014 
Ae yl fee? Ar iO 
cilrmarera ghee ct el one ee 
A acclre te 10100 
£7) li eee 00011 
Fae ee i ee lt 4-4 Sh 
Lead 2 0010 0 
: lo 001.0 
ig coe aby Sep Ot. i 
Pad 1011 
101 ie ae ae 
S40), | 4. ao 
U}0 1 1full 0 0 1). 
Le Ale Oe Te 2 a 
Oe eB Os Rs a 
20 1{/ |/0 11 0 
12 0] |0 10 0 


382 


(T, UT, UT; UT, U Ts)" 
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The resultant is a symmetric super 5-matrix. 


Now we proceed on to define the product of a special semi 
column super n-matrix with its transpose. 


Example 4.24: Let S = 8; US, US; US, be the given 
special semi super column 4-vector. To find the minor product 
of S with S’. 


Given 

(esd ah. 
012 3 010 1 
ele ans 
satan ae a ales 1 
101] 0 1 1 0 0 
ee 

[3-252 0]) ve 
3 01 1 2 

1 10 41 
1 1041 0 

0 0 1 0 
0 141 é 1 £=i0 

1 00 0 
1 1 1 00 

00 0 1 
U Ul0O 0 1 1 =+1 

0 1 0 0 
010 1 0 

1 1 0 0 
0101 41 

00 1 1 
01 1 0 41 

1 10 41 
100 0 1 

100 1] - 


a special semi super column 4-vector. 


S'S (SU S10 Ss Sa) 
= Si) U Ss. U S,7 U S,) 
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We see the resultant is a symmetric semi super 4-matrix. One 
can by this product obtain several symmetric semi super 4- 
matrices. 


Thus we can define major product or minor products in case 
of super n-matrices, n = 4 as in case of super trimatrices and 
super bimatrices. The same type of operations are repeated as in 
case of super trimatrices and superbimatrices. This type of super 
n-matrices will be helpful in the fuzzy super model applications 
when we have a multi expert opinion with multi attributes. 
These matrices will be best suited for data storage. 
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In this book, the authors introduce 
the new notion of superbimatrices 
and generalize it to supertrimatrices 
and super n-matrices. A study of these 
innovative structures is best-suited 

to our times, since superbimatrices 
find applications in Fuzzy Models, 


Leontief Economic Models and 


computer data storage. 
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